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PREFACE. 



This work was designed especially for students who are 
beginning the study of Analytical Mechanics. It involves tlie 
use of Analytical Geometry and Calculus. To those who 
desire a more elementary work, Magnus' Lessons on Element- 
ary Mechanics^ which avoids the use of the Calculus, and is 
full of practical examples, is especially recommended. 

This work, though analytical, is in a certain sense the reverse 
of Legendre's celebrated Mecanique Analytiqiie. Legendre, 
at the outset, deduced a general equation from which all others 
were derived ; but this work at first establishes the equation 
for motion due to a single force, and by adding principle after 
principle the most general equations become established. The 
latter method is the one by which every science is at first devel- 
oped, and presents great advantages over the former in a course 
of instruction ; but the former, as a method of pure analysis, 
cannot be excelled. 

I have avoided the use of the terms " Force of Inertia," 
" Impulsive Force," and " Instantaneous Force," except to 
refer to them and define the senses in which they are generally 
used ; for they are not only useless, but harmful. The student 
has a vague and confused idea as to their real meaning. lie 
considers them as forces, when they are not, and thinks that he 
is to consider a variety of forces, when really he is to consider 
but one, that which is equivalent to a pressure. _ I do not believe 
that inertia is a force, and in this am supported by many em- 
inent writers ; but there are those, also eminent, who state 
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distinctly that it is a force. This antagonism existing among 
those who have made the subject a study, and who ought 
to agree, if agreement were possible, indicates clearly that after 
a student has spent valuable time in seeking to determine the 
essential nature of the expression, he can do no more than take 
one side or the other, and leave the question still open for 
debate. The term Instantaneous Force is not open to the same 
objection, but the conditions which it indicates are physically 
impossible ; for forces do not produce their effects instantly, 
but require time for action. Tlie quantity which it is used to 
represent is not a. force, but the effect of a force after it has 
acted during a time, although that time may be exxseedingly 
short. It is, therefore, ambiguous, and hence is dropped. 

Regardless, however, of the merits of the case, I consider it 
j)olitio to drop these terms, since they are liable to produce 
unprofitable discussion by students. 

I have also avoided the expression " no force," now some- 
what common with certain English writers in speaking of the 
motion of a body on which all accelerating forces have ceased 
to act. Forces may act upon such a body and be in equili- 
brium among themselves. 

The terms moment of inertia and centrifugal force may 
have arisen from erroneous conceptions as to what they really 
mean, but they cannot be dropped without devising new names 
to take their places, and as they answer our purpose, they are 
retained. 

I have sought to present the subject in such a manner as to 
familiarize the reader with analytical processes. For this reason 
the solution of examples has been treated as applications of 
general formulas. The solution of many of the more elemen- 
tary examples might be much shorter and more simple by 
special methods, but if the reader is already familiar with 
these, his attention can be confined more closely to the analytic 
cal processes. These general methods make the solution of 
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difficult examples more easy, while the solution of elementary 
examples may be more tedious by them. 

I have sought to make prominent a few of the more impor- 
tant equations by following them with a large number of ex- 
amples. These examples are graded, beginning with the more 
simple and gradually increasing in difficulty, until, in some 
cases, those are reached which cannot be solved. The instruc- 
tor can stop with any one desired and pass to the next article. 

The data of some of the examples are intentionally left in- 
complete, such, for example, as No. 6, page 91. In such cases 
the teacher may supply such data as he desires, or require the 
student to do it. They may -serve as the basis for several 
examples. Thus, in the example referred to, the base of the 
solid may be square or rectangular, the edges may be vertical 
or inclined, the weights may be arranged in different orders, 
etc. Instead of requiring deiinite solutions, it may be better 
to permit the student to state how he would proceed to solve 
them. 

Occasionally a remark or problem is given which is intended 
as a hint to the student that the subject may be extended in 
that direction. I trust that this work, though elementary, will 
make a gcJod foundation for those who prosecute the subject 
further. 

De Volson Wood. 

HoBOKEN, Sept., 1876. 
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ANALYTICAL MECHANICS. 



CHAPTER I. 

DEFINITIONS, AND PRINCIPLES OF ACTION OF A SINGLE EOECE, AND 
OF FORCES ACTING ALONG THE SAME LINE. 

1. Mechanics treats of the laws of forces, and the eqni- 
librinra and motion of bodies under the action of forces. It 
has two grand divisions. Dynamics and Statics. 

2. Dynamics treats of the motion of material bodies, and 
the laws of the forces which govern their motion. 

3. Statics treats of the conditions of the equilibrium of 
bodies under the action of forces. 

There are many subdivisions of the subject, such as Hydrodynamics, Hy- 
drostatics, Pneumatics, Thermodynamics, Molecular Mechanics, etc. That 
part of mechanics which treats of the relative motion of bodies which are so 
connected that one drives the other, such as wheels, pulleys, links, etc., in 
machinery, Ls called Cinematics. The motion in this case is independent of 
the intensity of the force which produces the motion. • 

Theoretic Mechanics treats of the effect of forces applied to material points 
or particles regarded as without weight or magnitude. Somatology is the 
application of theoretic mechanics to bodies of definite form and magnitude. 

4. Matter is that which receives and transmits force. In 
a physical sense it possesses extension, divisibility, and impene- 
trability. 

Matter is not confined to the gross materials which we see and handle, but 
includes those ethereal substances by which sound, heat, light, and electricity 
are transmitted. 

It is unnecessary in this connection to consider those refined speculations by 
which it is sought to determine the essential nature of matter. According to 
some of these speculations, matter does not exist, but is only a conception. 
1 



2 DEFINITIONS. [5-6.] 

According to this view, bodies are forces, within the limit of which the attrao- 
ti-ve exceed the repulsive ones, and at the Umlts of which they are equal to 
each other. 

But observation, long continued, teaches practically that matter is inert, 
that it has no power within itself to change its condition in regard to rest or 
motion ; that when in motion it cannot change its rate of m.otion, nor be 
brought to rest without an external cause, and this cause we call FORCE. 
One also learns from observation that matter will transmit a force, as for 
instance a pull applied at one end of a bar or rope is transmitted to the other 
end ; also a moving body carries the effect of a force from one place to another. 

5. A Body is a definite poi'tion of matter. A particle is 
an infinitesimal portion of a body, and is treated geometrically 
as a point. A molecnle is composed of several particles. An 
atom is an indivisible particle. 

6. FoEOE is that which tends to change the state of a body 
in regard to rest or motion. It moves or tends to move a body, 
or change its rate of motion. 

"We know nothing of the essential nature of force. We deal 
only with the laws of its action. These laws are deduced by 
observations upon the effects of forces, and on the hypothesis 
that action and reaction are equal and opposite / or, in other 
words, that the effect equals the cause. In this way we find 
that forces liave different intensities, and that a relation mav 
be established between them. It is necessary, therefore, to 
establish a unit. This may be assumed as the effect of any 
known force, or a multiple part thereof. The effect of all 
known forces is to produce a pull, or push, or their equivalents, 
and may be measured by pounds, or by something equivalent. 
The force of gravity causes the weight of bodies, and this is 
measured by pounds. We therefore assume that a standakd 
POUND is the UNIT of force. 

The standard pound is established by a legal enactment, and 
has been so fixed that a cubic foot of distilled water at the 
level of the sea, at latitude 45 degrees, at a temperature of 62 
degrees Fahrenheit, with the barometer at 30 inches, will weigh 
about 62.4 pounds avoirdupois. 

The English sUndard pound was originally 5,760 troy grains. The grain 
was the weight of a certain piece of bias.s which was deposited with the clerk 
of the House of Commons. This was destroyed at the time of the burning of 
the House of Commons in 1834, after which it was decided that the legal 
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pound should be the weight of a certain piece of platinum, weighing 7,000 
grains. This is known as the avoirdupois pound, and the troy pound ceased 
to be the legal standard, although both have remained in common use. 

The legal standard pound in the United States is a copy of the English troy 
pound, and was deposited in the United States Mint in Philadelphia, in 1827, 
where it has remained. The avoirdupois pound, or 7,000 grains, is used in 
nearly all commercial transactions. The troy pound is a standard at 63 de- 
grees Fahrenheit and 30 inches of the barometer. 

The weight of a cubic inch of water at its maximum density, as accepted 
by the Bureau of Weights and Measures of the United States, is stated by Mr. 
Hasler, in a report to the Secretary of the Treasury, 1843, to be 253.7453 
grains. Mr. Hasler determined the temperature at which water has a maxi- 
mum density, at 39.83 degrees Fahrenheit, but Playfair and Joule determined 
it to be 39.101° F. 

The exact determination of the equivalent values of the units is very diffi- 
cult, and has been the subject of much scientific investigation. — (See T/ie Me- 
tric System, by F. A. P. Barnard, LL.D., New York, 1872.) 

When a quantity can be measured directly, the unit is generally of the same 
quality as the thing to be measured : thus, the unit of time is time, as a day 
or second ; the unit of length is length, as one inch, foot, year, or metre ; the 
unit of volume is volume, as one cubic foot ; the unit of money is money ; of 
weight is weight ; of momentum is momentum ; of work is work, etc. 

When dissimilar quantities are used to measure each other a proportion 
must be established between them. It is commonly said that "the arc mea- 
sures the angle at the centre," but it does not do it directly, since there is no 
ratio between them. The arc is a linear quantity, as feet or yards, or a num- 
ber of times the radius, while the angle is the divergence of two lines, and is 
usually expressed in degrees. But angles are proporti<mal to their subtended 
arcs ; hence we have an equality of ratios, or 

angl? subtended arc 



unit angle are which subtends the unit angle ' 

and since a semi-circumference, or ir, subtends an angle of 180°, it is easy from 
the above equality of ratios to determine any angle when the arc is known, or 
■eiee nersA. 

Similarly, the intensity of heat is not measured directly, but by its effect in 
expanding liquids or metals. 

The magnetic force is measured by its effect upon a magnetic needle. 

The intensities of lights by the relative shadows produced by them. 

Similarly with forces, we measure them by their effects. 

Dissimilar quantities, between which no proportion exists, do not measure 
each other. Thus feet do not measure time, nor money weight. 

Pounds for commercial purposes represents quantities of matter ; but when 
applied to forces it represents their intensities. In a strict sense, pounds does 
not measure directly the quantity of matter, but is always a measure of a force. 

7. The line of action of a force is the line along whicli 
tlie force moves or tends to move a particle. If the particle is 
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acted upon by a single force, the line of action is straight. 
This is also called the actioTirline of the force. 

8. The point of application of a force is the point at 
which it acts. This may he considered as at any point of its 
action-line. Thus, if a pull be applied at one end of a chord, 
the effect at the other end is the same as if applied at any 
intermediate point. 

9. A FOKOE is said to be given when the following elements 
are known : — 

1st. Its magnitude {pounds) ; 

2d. The dii'ection of the line along which it acts {action-line) ; 

3d. The direction along the action- line (-f or — ); and, 

4th. Its point of application. 

A force may be definitely represented by a straight line ; 
thus, its magnitude may be represented by 

the length A B, Fig. 1 ; its position by the A ^ B 

position of the line AB; its direction along j,,g_ j 

the line by the arrow-head at B, which indi- 
cates that the force acts from A towards B ; and its point of 
application by the end A. 

10. Space is indefinite extension, finite portions of which 
may be measured. 

11. Time is duration, and may be measured. 

Probably no definition will give a better idea of the abstract quantities of 
time and space than that which is formed from experience. 

12. A BODY is in motion when it occupies successive portions 
of space in successive instants of time. In all other cases it 
is at absolute rest. Motion in reference to another moving 
body is relative. 

But a body may be at rest in reference to surrounding ob- 
jects and yet be in motion. Thus, many objects on the surface 
of the earth, such as rocks, trees, etc., may be at rest in refer- 
euce to objects around them, while they move with the earth 
through space. Observation teaches that there is probably no 
body at absolute rest in the universe. 

13. Motion is uniform when the body passes over equal 
portions of space in equal successive portions of time. 

14. Vaeiable motion is that in which the body passes over 
unequal portions of space in equal times. 
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» 

15. Velocity is the rate of motion. "When the motion is 
uniform it is measured bj tlie linear distance over which a 
body wonld pass in a nnit of time ; and when it is variable it 
is the distance over which it would pass if it moved with tlio 
rate which it had at the instant considered. The path of a 
moving particle is the line which it generates. 

For uniform velocity, we have 
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Examples. 

1. If a particle moves uniformly thirty feet in three seconds, 
what is its velocity ? 

2. 11 8 — at, what is the velocity ? 

3. If 5 = a^ + it, what is the velocity at the time t, or at 
the end of the space s ? t^ S 

Here ^i-"*" ~SZ 

v = ^y = ^at + b, 
dt 

which is the answer to the first part. Find t from th6 given 
equation, and substitute in the expression for v, and it gives 
the answer to the second part ; or ^' f-^J m:^ ' » -fl- 

«= VP + 4 as. 

4. If « = 4:f, required the velocity at the end of five seconds. 

5. If 3«* = 5^, required the velocity at the end of ten sec- 
onds. 

6. If « = ^fff, what is the velocity in terms of the time and 
space? tf - .M 5^- ^i =■ ' '^^ 

7. If at — e^'—l, required the velocity in terms of the time 
and space. 




6 ANGULAE VELOCITY. [16,17.] 

16. Angulak velocity is the rate of angula/r movement. If 
a particle moves around a point having either a constant or a 
variable velocity along its path, 
the angular velocity is meas- 
ured iy the arc at a units dis- 
tance which subtends the angle 
swejpt over hy that radius vector ^/^ 
which passes through the par- j,,g_ 2_ 

ticle. 

If 5 = AB = the length of the path described ; 
V = the velocity along the path AB / 
t = the time of the movement ; 
T = CB = the radius vector ; 
6 — the circular arc at a unit's distance which subtends 

the angle A CB swept over by the radius vector iu 

the time t ; and 
o) = the angular velocity. 

Then, if the angular motion is uniform, 

« = ?■ (3) 

If it is variable, then 

We also have, 

ds = vdt= Vr'deP-irdi^; 
,^ ds" - dr" t^df - di^ 

d6 V^ \dtJ (5) 

ft) = -5- = • ^ ' 

dt r 

17. AccELEEATioN is the rate of increase or deerease of the 
velocity. It is a velocity-increment. The velocity-inorement 
of an increasing velocity is considered positive, and that of a 
decreasing velocity, negative. 

The measure of the acceleration, when it is uniform, is the 
amount by which the velocity is increased (or decreased) in a 



and 
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unit of time. If the acceleration is variable, it is the amount 
by which the velocity would be increased in a unit of time, 
provided the rate of increase continued the same that it was 
at the instant considered. 

Hence, if 

y = the measure of the acceleration (or, briefly, the 
acceleration) ; 
then, when the acceleration is uniform, 



and hence, when it is variable, 

,ds 

•'~dt~ dt~"d^' ^' 
We also have 

j,_ d?s d^ _ d^s dsm _ ^d^s ,„,. 

•^'~df^d?~d?^'df~'"d?' ^' 

We thus see that the relation between space, time, and velo- 
city are independent of the cause which produces the velocity. 



Applications of Equation (6). 

1. Suppose that the acceleration is constant. 
Then in (6) ./"will be constant, and dt being the equicrescent 
variable, we have 

or/.^|+a (7) 

da 
But for t = Oj -J- = v^ = the initial velocity .: Oi — — Vq ; 

and (7) becomes 

ds —ftdt + v^dt. 
Integrating again gives 
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But s = Sa for t = .: 0^ = Sg; 

hence the final equation is 

8 = iff + Vot + So; (8) 

which gives the relation between the space and time. 

Again, multiplying both members of equation (6) by ds, 
we have 

^Jdsd^s=ffds; 



dt = 



2df 

ds 



i 2V + 2/s ' 
and integrating, gives 

.= ^?^%C'. (10) 

Equation (7) gives the relation between the velocity and 

time, and equation (9) between the velocity and space. 

If «o and So are both zero, the preceding equations become 

2s 

v=ft= ^2/s = ^- (11) 

s^iff=^.= ivt. (12) 

_ _2s 

"We shall find hereafter that these formulas are applicable to 
all cases in which the force is constant and uniform. 

2. Find the relation between the space and time when the 
acceleration is naught. 
We have 

d's „ 

Tf = '- 

Multiply by df, integrate twice, and we have 

s = So + Vat; 
in which Sq and Vo are initial values; that is, the body will have 



V /2s 2s 

t = j=\/j = -- (13) 
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passed over a space Sq before t is computed. Vo is not only the 
initial but the constant uniform velocity. If Sq = 0, then s = 
i\t. 

3. If the acceleration varies directly as the time from a state 
of rest, required the velocity and space at the end of the 
time t. 

IIerey= at. 

4. Determine the velocity when the acceleration varies in- 
vei-sely as the distance from the origin and is negative •,orf= 

a 
s 

5. Determine the relation between the space and time when 
the acceleration is negative and varies directly as the distance 
from the origin ; or f ^ — is. 

Equation (6) becomes 

d¥ = -^'- 

Multiplying both members by ds, we have 

ds dh , , 

-^^ = -isds. 

Integrating gives 

But ?; = for « = So •"• C\ — 5v; and 

g = 5(V -«') = < (14) 

,i , ds 





UI u u 


Vb =^ 


W - ^)i ' 






Integrating again gives 


sin- 


- f + 673. 


IMk i'' 


{ . 


But if = 


- for s = «o ■'■ 

.-. S : 




= - Jt; 

sin (tb^ + ^ir). 




(15) 
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li.s = So,t = 0, or 27r5* ; 
" 8=0, t — i-irb^, or |7r5-*; 
" s = So,t = 7r5* , or 3ird-^ . 

This is an example of periodic motion, of which we shall 
have examples hereafter. 

6. Determine the space when the acceleration diminishes as 
the square of the velocity. 




Fig. 3. 



When the acceleration is constant, the relation between the 
time, space, and velocity may be shown by a triangle, as in 
Fig. 3. Let AB represent the time, say 
four seconds. Divide it into four equal 
spaces, and each space will represent a 
second. Draw horizontal lines through the 
points of division and limit them by the 
inclined line AC. The horizontal lines 
will represent the corresponding velocities. 
Thus 1^2 = ffe is the velocity at the end of 
the time 4. The triangle Abe represents 
the space passed over during the first sec- 
ond, and ABO the space passed over duri-ng four seconds. 
The lines <?e, /A, and *C represent the accelerations for each 
second, which in this ease are equal to each other, and equal 
to be, which is the velocity at the end of the 
first second. Hence, when the acceleration 
is uniform, the velocity at the end of the 
first second equals the acceleration. This is 
also shown by Eq. (11) ; for if t=l,v=f. 
Equations (12) and (13) may be deduced di- 
rectly from the figure. 

If the velocity constantly varies, the case 
may be represented as in Fig. 4. To find 
the acceleration at the end of the first second, draw a tangent 
ae to the curve at the point a, and drop the perpendicular ad, 

then will de be the acceleration. But — = — - — — :^_ fV,„ 

ad ah dt ~'' ~ ^^^ 
velocity-increment, which is the same as Equation (6). 




Fig. 4. 
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18. Eesolved velocities and acceleeations. When the 
motion is along a known path and at a known rate, the projec- 
tions of tlie velocities and accelerations upon other paths which 
are inclined to tlie given one will equal the product of these 
quantities by the cosine of the angle between the paths ; that is, 

«) cos ^ = — , cos 6, andy = -jj^ cos 6, 



dt 



df 



where v' and/"' are on the new path, and d the angle between 
the paths. 




If 



Examples. 

1. If the velocity v is constant and along the line AB, which 
makes an angle 6 with the line AO, 
then will the velocity projected on 
A O also be constant, and equal to v 
cos Q ; and on the line BG, equal to 
V sin e. ^'°- "• 

2. Let ABG\)Q a parabola whose equation is ]^ = 2px. 
a body describes the arc jSCwith 
such a varying velocity that its pro- 
jection on BJ), a tangent at B, is 
constant, required the velocity and 
the acceleration parallel to B£!. 

From the equation of the curve 
we have 

dy_^ 
dx y ' 

From the conditions of the problem we have 
dy 




constant =.v'; 

dx dy dx , y , /2a; 
bnt -^ = -^ -j- = v' ^ = v'\/ — , 

dt dt dy p ' p 

which is the velocity parallel to x ; 



dt 
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d^x _v' dy _ v'^ _ 
" di^ ~ jp dt~ p ' 

hence the acceleration parallel to the axis of x will be constant. 
Let da be an element of the arc, then will the velocity along 
the arc be 

3. Determine the accelerations parallel to the co-ordinate axes 
X and y, so that a particle may describe the arc of a parabola 
with a constant velocity. 

Let the equation of the parabola be 

' ' dx y' 

The conditions of the problem give 

ds 

T, = constant = v. 

dt 



ds _ dy ds _ dy V da? + dy' _dy ./ dx' 
^ ^ dt~ dt dy~ dt dy '~ dt dy' 

dy pv 



" dt ^f-^j^f' 
and differentiating, gives 

d?y _ pvy dy 

kf + ff 
which being negative shows that the acceleration perpendicular 
to the axis of the parabola constantly diminishes. 
Similarly we find 

^'^ {y'+p'f 
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4. A wheel rolls along a straight line with a uniform velocity; 
compare the velocity of any point in the circumference with 
that of the centre. ' 




Fia. 7. 



Let V = the velocity of any point in the circumference, 
■y'= the uniform velocity of the centre, 
r = the radius of the circle, 
X = tlie abscissa which coincides with the line on which 

it foils, and 
y = the ordinate to any point of the cycloid. 
Take the origin at A. The centre of the circle moves at the 
same rate as the successive points of contact £. The centre is 
vertically over £. The abscissa of the point of contact cor- 

responding to any ordinate y of the cycloid, is r versin~^ -; 



.•. V ^ -r- [r versin - 1 
at \ Ti 



dy 



Tl Viry — '!^ dt 



dy. 

it 



\/2ry - f 



The equation of the cycloid is 



X ^ r verstn 



-'l-{^ry-f)i; 



and from the theory of curves 

ds" = dx' + d;/.:'^=\/ 

dv V 2r ■ 



dx^ 
df 



^ + -7,,8> 



2r 



or. 



dy 



and, 



_ds _dy ds _ I 2y , 
— 1. — 1, ' — V 7. 



' dt dt dy 
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If j, = 0, '^=0; 

y — T, V = V^v' ; 
y = 2r,v =' 2v' ; 
y = ^r,v = v'. 

Hence, at the instant that any point of the wheel is in con- 
tact with the straight line, it has no velocity, and the velocity 
at the highest point is twice that of the centre. 

The velocity at any point of the cycloid is the same as if the 
wheel revolved about the point of contact, and with the same 
angular velocity as that of the generating circle. 

For, the length of the chord which corresponds to the ordi- 
nate y is y/^ry, and hence, if 

v:2v':: VWy :2r; 

V2y 
we have v = -^ v', as before found. 

19. Geavitation is that natural force which mutually draws 
two bodies towards each other. It is supposed to extend to 
every particle throughout the universe according to fixed laws. 
The force of gravity above the surface of the earth diminishes 
as the square of the distance from the centre increases, but 
within the surface it varies directly as the distance from the 
centre. If a body were elevated one mile above the surface 
of the earth it would lose nearly ^ttVtt of its weight, which 
is so small a quantity that we may consider the force of 
gravity for small elevations above the surface of the earth as 
practically constant. But it is variable for different points on 
the surface, being least at the equator, and gradually increasing 
as the latitude increases, according to a law which is approxi- 
mately expressed by the formula 

g = 32.1726 - 0.08238 cos 2Z, 

in which Z = the latitude of the place, 

ff = the. acceleration due to gravity at the latitude Z, 
or simply the force of gravity, and 
32.1726 ft. = the force of gravity at latitude 45 degrees. 
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From this we find that 

at the equator g = g^ =z 32.09022 feet, and 
at the poles g = g^— 32.25498 feet. 

The varying force of gravity is determined by means of a 
penduhim, as will be shown hereafter. It is impossible to de- 
termine the exact law of relation between the foi'ce of gravity 
at different points on the surface of the earth, for it is not 
homogeneous nor an exact ellipsoid of revolution. The delicate 
observations made with the pendulum show that any assumed 
formula is subject to a small error. (See Mecanigue Celeste, 
and Puissanfs Geodesie.) 

Substituting g for/' in equations (11), (12), and (13), we have 
the following equations, which are applicable to bodies falling 
fi'celj' iu vacuo : — 

, — 2s 
vz=gt=V2gs = -; 

8 = h^=^^ = h>f; > (16) 






Examples. 

1. A body falls through a height of 200 feet; required the time of descent 
and the acquired velocity. Let g = 33^ feet. 

Am. < =: 3.53 seconds. 
V = 113.13 feet. 

2. A body is projected upward with a velocity of 1000 feet per second; 
required the height of ascent when it is brought to rest by the force of 
gravity. 

Ans. s = 15,544 feet, nearly. 

3. A body is dropped into a well and four seconds afterwards it is heard to 
strike the bottom. Required the depth, the velocity of sound being 1130 feet 
per second. 

Am. 231 feet. 

4. A body is projected upward with a velocity of 100 feet per second, and 
at the same instant another body is let fall from a height 400 feet above the 
other body ; at what point wiU they meet f 
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5. With what velocity must a body be projected downward that it may in t 

seconds overtake another body which has already fallen through a feet ? 

a 

Ana. V = . + VZag. 

6. Required the space passed over by a falling body during the ra* second. 

20. Mass is quantity of matter. If we conceive that a 
quantity of matter, say a cubic foot of water, earth, stone, or 
other substance, is transported from place to place, without 
expansion or contraction, the quantity will remain the same, 
while its weight may constantly vary. If placed at the centre 
of the earth it will weigh nothing ; if on the moon it will weigh 
less than on the earth, if on the sun it will weigh more; 
and if at any place in the universe its weight will be directly 
as the attractive force of gravity, and since the acceleration is 
also directly as the force of gravity, we have 

— = constant, 
9 

for the same mass at all places. This ratio for any contem- 
poraneous values of TFand g may be taken as the measure of 
the mass, as will be shown in the two following articles. The 
weight in these cases must be determined by a spring balance 
or its equivalent. 

21. Dynamic measure of a force. Conceive that a body is 
perfectly free to move in the direction of the applied force, 
and that a constant uniform force, which acts either as a pull 
or jjush, is applied to the body. It will at the end of one 
second produce a certain velocity, which call v^iy If now 
forces of different intensities be applied to the same body they 
will produce velocities in the same time which are proportional 
to the forces ; or 

fx t)(i„ 

in which f is the applied force. 

Again, if the same forces are applied to bodies having differ- 
ent masses, producing the same velocities in one second, then 
will the forces vary directly as the masses, or, 

f QC Jf. 
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Hence, generally, if uniform, constant forces are applied to 
different masses producing velocities ^d) in one second, then 

f 00 Mv^l) ; 

or, in the form of an equation, 

f^cif^d,; (17) 

whei'e c is a constant to be determined. 

If the forces are constantly varying, the velocities generated 
at the end of one second will not measure the intensities at any 
instant, but according to the above reasoning, the rate of varia- 
tion of the velocity will be one of the elements of the measure 
of the force. Hence if 

F = a, variable force ; 

J^ = the mass moved ; 

-=- —f=^ the rate of variation of the velocity; or 
velocity-increment ; 
and, -^ be substituted for W(ij in equation (17), reducing 
by equation (6), we liave 

F=^cMf=cM^^=.cM§, (18) 

From this we have 

F 
cM= ^; 

hence, the value of cM is expressed in terras of the constant 
ratio of the acceleration f produced by a 
force i^upon a mass M. 

To determine this ratio experimentally I 
suspended a weight, W, by a very long line 
wire. The wire should be long, so that the 
body will move practically in a straight 
line for any arc through which it will be 
made to move, and it should be very small, 
BO that it will contain but little mass. By 
means of suitable mechanism I caused a na. s. 

constant force, F, to be applied horizontally 
to the body, thus causing it to move sidewise, and determined 
2 
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the space over which it passed daring the first second. This 
equalled one-half the acceleration (see the iii'st of equations (12) 
when t = l). I found when F= ^W, that /= 1.6 feet, 
nearly ; and for i^= -^^W, f= 3.2 feet, nearly ; and similarly 
for other forces ; hence 

eM = -jV W, nearly. 

But the ratio of F to _/ is determined most accurately and 
conveniently by means of falling bodies; for ,/"= p' = the 
acceleration due to the force of gravity, and W the weight 
of the body (which is a measure of the statical effect of the 
force of gravity upon the body), hence 

W 
cM=j; (19) 

in which the values of W and g must be determined at the 
same place ; but that place may be anywhere in the universe. 
The value of c is assumed, or the relation between e and M 
fixed arbitrarily. 



If c = 1, we have 



W 
Jf=y; (20) 



■and this is the expression for the 7nass, which is nearly if not 
quite universally adopted. This in (18) gives 

and hence the dtwamic mbastjeb of the peesstjee which moves 
A BODY is the product of the mass multiplied ly the aoGelera- 
tion. 

If there are retarding forces, such as friction, resistance of 
the air or water, or forces pulling in the opposite direction; 
then the first member, F, is the measure of the unbalanced 
forces, and the second member determines its value. 

22. Unit of Mass. If it is assumed that c = 1, as in the 
the preceding article, the unit of mass is virtually fixed. In 
(20) if W— 1 and ^ = 1, then M= 1; that is, a unit of mass 
ds the quantity 'of matter which will weigh one pound at that 
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place in the nniverse where the acceleration dne to gravity is 
one. If a quantity of matter weighs 32^ lbs. at a place where 
g = 32^ feet, we have 

hence on the surface of the earth a body which weighs 32^ 
]iounds (nearlj') is a tmit of mass. 

It would be an exact unit if the force of gravity were exactly 
32| feet. 

In order to illustrate this subject fnrther, suppose tliat we 
make the unit of mass that of a standard pound. Then equa- 
tion (19) becomes 

c.l=l, 

ffo 

in which ffg is the value of g at the latitude of 45 degrees. This 
value resubstituted in the same equation gives 

M=^ W, 

g 

and these values in equation (18) give 

„ 1 ^_ Wd?s 

the final vahie of which is tlie same as (21). 

Again, if the unit of mass were the weight of one cubic foot 
of distilled water at the place where ^o = 32.1801 feet, at 
which place we would have TF"= 62.3791, and (19) would give 

62.3791 
'^ " 32.1801' 

and this in the same equation gives 

32.1801 W 
^ ~ 62.3791 ' g ' 

and these values in (18) give 

,, WdJ's . . 

i' = 77, , as before. 

g dv' 
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23- Density is the mass of a unit of volume. 

If i(f = the mass of a body ; 
Y = the volume ; and 
D — the density ; 

then if the density is uniform, we have 

jy — y-. 

If the density is variable, let 

S = the density of any element, then 
. dM 



:. M-- 



fSdV (22) 



from which the mass may be determined when S is a known 
function of V. 

Examples. 

1. In a prismatic bar, if the density increases uniformly from 
one end to the other, being zero at one end and 5 at the other, 
required the total mass. 

Let I = the length of the bar ; 

A = the area of the transverse section ; and 
X = the distance from the zero end ; 

then will 
5 
J = the density at a unit's distance from the zero end ; 

5 

jx = the density at a distance a? ; and 

dV— Adx ; 

.:M=A —j- = -Al. 

2. In a circular disc of uniform thickness, if the density at a 
unit's distance from the centre is 2, and increases directly as 
the distance from the centre, required the mass when the radius 
is 10. 
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3. Ill the preceding problem suppose that the density in- 
creases as the square of the radius, required the mass. 

4. Ill the preceding problem if the density is two pounds per 
cubic foot, required the weight of the disc. 

5. If in a cone, the density diminishes as the cube of the 
distance from the apex, and is one at a distance one from the 
apex, requii-ed the mass of the cone. 

Having established a unit of density, we might properly say 
that mass is a certain number of densities. 

24- Applications of Equation (21). 

[Obs. — If, for any cause, it is considered desirable to omit any of the matter 
of the following article, the author urges the student to at least establish the 
equations for the acceleration for each of the 31 examples here given. This 
part belongs purely to mechanics. The reduction of the equations belongs to 
mathematics. It would be a good exercise to establish the fundamental equa- 
tions for all these examples, before making any reductions. Such a course 
serves to impress the student with the distinction between mechanical and 
mathematical principles.] 

1st. If a body whose weight is 50 pounds is moved horizon- 
tally hy a constant force of 10 
vounds. required the velocity ao- ^^^- 

qmred at the end of 10 seconds ^ ^ ^g — , 

and the »pace passed over during -^^ 9 

that time, there being no friction 
nor other maternal resistance, and the body sta/rting from rest. 

Here 



M-- 


W 

g ' 


50 


lbs., 


and 


F 


= 10 lbs. ; 








d^s 


F 


193 






df~ 


'M" 


30" 





hence (21) gives 

193 ' <■' ■/ 

Multiply by dt and integrate, and 

ds _ 
di~ 

The second integral is 



ds 193 

J# = ^= 30 ^+(^^ = ^^- 
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1 Q^ 

and hence for t = 10 seconds, we have 

V = 64.33 + feet. 
s = 321.66 + feet. 

2c?. Suppose the data to he the same as in the preceding 
example, and also that the friction hetween the body and the 
plane is 5 pounds. Mequired the space passed over in 10 
seconds. 

Here F= (10 — 5) pounds. 

^«_^_193 ^ jC^ ^^ 
'''df~ M~ 60* " ' 

Bd. Suppose that a iody whose weight is ^0 pounds is moved 
horizontally iy a weight of 10 lbs., which is attached to an inex- 
tensible, hut perfectly flexible string which passes over a witeel 
and is attached at the other end to the hody. Required the 
distance passed over in 10 seconds, if the string is without 
weight, and no resistance is offered hy the wheel, plane, or 
string. 

so Us. 



^ 



Xly 



II W lis. 



Fig. 10. 



In this case gravity exerts a force of 10 pounds to move the 
jriass, or F= 10 lbs., and the mass moved is that of both bodies, 
or M= (50 + 10) ~ 32f 

dh_F_im ^l 

df ~M ~ "36"- 

The integration is performed as before. 

Ans. s = 268.05 feet. 
Uh. Find the tension of the string in the preceding example. 
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The tension will equal tliat force which, if applied directly 
to the body, as in Ex. 1, will produce the same acceleration as 
in the preceding example. 

Let P = 10 pounds ; 
TT = 50 pounds ; 
T = tension ; 

P + TF 

= the mass in the former example ; and 

W 

— = the mass moved by the tension. 

Hence, from Equation (21), 

LJ:Jlf^_p. and 
W 

g-' 

Eliminate y^ and we find 

WP 



T ■ 



.: r= 8.33 lbs. 

"What must be the value of P so that the tensid^li will be a 
maximum or a minimum ? 

&th. In exanvple 3, what must J>e tlie weight of P so thai 
the tension shall he (^) part of P f 

^ - >rS ^ -'^^^ ^-- ^=(—1) ^- 

Qth. If a body whose weight is W falls freely in a vacuum 
by the force of gr amity, determine tlie formulMS for the motion. 

Here Mg = W and the moving force F^= W\ 



W d^s 
g dt^' 


= W 


d^s 


= g- 



The integrals of this equation will give Equations (16), 
when the initial space and velocity are zero. Let the student 
deduce them. 
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'Jth. Suppose that the moving pressure {pull or push) equals 
tlie weight of the body, required the velocity and space. 

Here Mg — W and i^= W, hence the cireninstances of 
motion will be the same as in the preceding example. 

The forces of nature produce motion without apparent 
pressure, but this example shows that their effect is the same 
as that produced by a push or pull whose intensity equals the 
weight of the body, and hence both are measured by pounds, 
or their equivalent. 

Sth. If the force F Is constant, show that Ft = Mv ; also 
Fs = iMv^, and \Ff = Ms. If F is variable we have 

Mv =fFdt. 

9th. Suppose that a piston, devoid of 

friction, is driven Iry a constant steam- 
pressure through a portion of the length 
of a cylinder, at what point in the stroke 
tnust the prressure be instantly reversed 
Fig. 11. ^'"^ ^0 that the full stroke shall equal the 
length of the cylinder, the cylinder being horizontal ? 

At the middle of the stroke. Whatever velocity is gen- 
erated through one-half the stroke will be destroyed by the 
counter pressure during the other half. 

XOth. If the pressure upon the piston is 500 pounds, weight 
of the piston 60 pounds, and the friction of the piston in the 
cylinder 100 pounds, required the point in the stroJce at which 
the pressure must be reversed. 

The uniform effective pressure for driving the piston is 
500 — 100 = 400 lbs., and the uniform effective force for 
stopping the motion is 500 + 100 = 600 pounds. The velocity 
generated equals the velocity destroyed, and the velocity 
destroyed equals that which would be generated in the same 
space by a f oi-ce equal to the resisting force ; hence if 
F^^ the effective moving force ; 
s — the space through which it acts ; 
V = the resultant velocity ; 
F' = the resisting force ; and 
«' = the space through which it acts ; 
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then, from the expression in Example 8, we have 

Fs = iMv^, 
and F's' = iMv\ 

.: Fs = F's', 
or, F: F'::s' : s. 

In tlie example, F= 400 lbs., and F'— 600 lbs. Let x = the 
distance from the starting point to the point where the pressure 
must be revei-sed. Then 



600 : 400 ::« : 12 — a;, .-. ce = 7| inches. 

11/A. j^in the preceding example the j)iston moves vertically 
up and down, required the jpoint at which the pressure must 
he instantly reversed so that the full strohe shall he 12 inches. 

The efiEective driving pressure upward will be 500 — 100 — 
50 = 350 pounds, and the retarding force will be 500 + 100 + 
50 = 650 pounds, and during the down-stroiie the driving force 
is 500 + 50 — 100 = 450 pounds, and the retarding force is 
500 — 50 + 100 = 550 pounds. 

12^^. A string passes over a wheel and has 
a weight P attached at one end, and W at the 
other. If there are no resistances fro-m the 
string or viheel, and the string is devoid of 
weight, required the resulting motion. 

Suppose W > P; 

then 

F= W- P, and 

M= ; 

g 

. dh_F_ 
■'■ df " M 
By integrating, we find 

W-P 
W+ P 




V = 



W + P^' 



fft, 



and. 



s — 



W-P ^ 
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13th. Required the tendon of the string in the precedvng 
example. 

The teDsion equals the weight P, plus the force which will 
produce the acceleration 

W-P 
W+ P^ 
when applied to raise P vertically. The mass multiplied by 
the acceleration is this moving force, or 
P W-P 



hence the tension is 
" ' ''K P + 



W-P p _ 2WP 

WTp ~w+p- 



Similarly, it equals TT minus the accelerating force, or 



W- 



W-P 



W^ 



2WP 



W+P " W+P' 
A complete solution of this class of problems involves the 
mass of the wheel and frictions, and will be considered here- 
after. 

14:#A. A string passes over a wheel and has a weight P 
attached to one end and on the other side of 
the wheel is a weight W, which slides along 
the string. Requi/red the friction hetween 
the weight W and the Mrvng, so that the 
weight P will remain at rest. Also re- 
qui/red the acceleration of the weight W. 




Fia. 13. 



The friction = P ; 

Mg= W; 
and, i^= W-P; 

d^s F W-P 



df 



hence, 



and, 



M 

W-P 
W 



W 



4^: 



p 



w' 



ge. 



134.] ACCELERATING FORCES. 27 

15th. In the preceding exam/pie, if P were an animal whose 
weight is less than W, required the acceleration with which 
it must ascend, so that W loill remain at rest. 

IQth. If the weight W descend along a rough rope with a 
given acceleration, required the acceleration with which the 
body P must ascend or descend on the ojpposite rope, so that 
the rope m,ay remain at rest, no allowance being made for 
friction on the wheel. 

(Tlie ascent mnst be due to climbing up on the cord, or be 
produced by an equivalent result.) 

Vlth. A particle moves in a straight line under the action 
of a uniform acceleration, and describes spaces s and s' in t 
and t' seconds respectively, determine the accelerating force 
and the velocity of projection. 

Let u = the velocity of projection, and 

f — the acceleration ; 
then 

. s' -s 



and 

If 

IQth. If a perfectly flexible and perfectly smooth rope is 
placed upon a pin, find in what time it will run itself off . 

If it is perfectly balanced on the pin it will not move, unless 
it receive an initial velocity. If it be unbalanced, the weight 
of the unbalanced part will set it in motion. Suppose that it 
is balanced and let 

Vo = the Initial velocity, 
2Z = the length of the rope, 
w = the weight of a unit of length, and 
t — the time. 

Take the origin of coordinates at the end of the rope at 
the instant that motion begins. When one end has descended 
s feet, the other has ascended tlic same amount, and hence the 



J - 


~ t' -. 


f 






0/, - 


_ s\2t 


-1)- 


- s{2t' - 


-1) 


Vv - 




2(# 


-t') 




8 


2#'- 
" 2t - 


— , then u = 


:0. 
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unbalanced weight will be 2ws. 
2wl -T- g ; hence we have 

(Ps _F_ _ 2ws 

Multiply by ds and integrate, and we have 



The mass moved will be 



Is 



dr 



I 



Integrating again, gives 






•=\/i-% 



=^i% 




if s = Z. 



19th. If a particle moves towards a centre of force which 
ATTRACTS directly as the distance from the force, determine 
the motion. 

Let ft = the absolute force ; that is, the acceleration due 
to the force at a unit's distance from the 
centre ; and 
s = the distance, 
then 

dr'=-'^- 

The second member is negative, because s is an inverse func- 
tion of t, that is, as t increases s diminishes Generally attrac- 
tive forces are negative and repulsive ones positive, in reference 
to the centre of the force. This is the same equation as in 
Example 5, Article 17; hence, if a is the initial value of «, 



and 



V = V n {a^ — «') ; 

t = n-\ (sin-^ - —\n); 

Cb 
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and the velocity at the centre of the force is found by making 
s — 0, for which we have, 

V — a V/j; 

113 

and t = - -fi-in, -^-in, 2^"*'^, etc., 

hence, the time is independent of the initial distance. 

It may be proved that within a homogeneous sphere the 
attractive force varies directly as the distance from the centre. 
Hence, if the earth were such a sphere, and a body were per- 
mitted to pass freely through it, it would move with an accele- 
rated velocity from the surface to the centre, at Mdiich point 
the velocity would bo a maximum, and it would move on with 
a retarded velocity and be brought to rest at the surface on the 
opposite side. It would then return to its original position, 
and thus move to and fro, like the oscillations of a pendulum. 

The acceleration due to gravity at the surface of the earth 
being g, and r being the radius, the absolute force is 

r * 

and the time of passing from surface to surface on tlie equator 
would be 

P" oi^in /20,923-161 .„ ,„ 
t = n^- = 3.1416 \/'i^^ = 42m. 1.6 sec. 

The exact dimensions of the earth are unknown. The semi-polar axis of 
the earth is, as determined by 

Besael 30,853,662 ft. 

Airy S0,853,810ft. 

Clarke 30,853,429 ft. 

The equatorial radius is not constant, on account of the elevations and 
depressions of the surface. There are some indications that the general form 
of the equator is an ellipse. Among the more recent determinations are 
those by Mr. Clarke, of England (1873), and his result given below is considered 
by him as the most probable mean. The equatorial radius, is according to 

Bessel 20,923,596 ft. 

Airy 30,923,713 ft. 

Clarke 20,923,101ft. 
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The determiuation of the force of gravity at any place is subject to small 
errors, and when it is computed for different places the result may differ from 
the actual value by a perceptible amount. 

The force of gravity at any particular place is assumed to be constant, but 
all we can assert is that if it is variable the most delicate observations 
have failed to detect it. But it is well known that the surface of the earth 
is constantly undergoing changes, being elevated in some places and depressed 
in others, and hence, assuming the law of gravitation to be exact and universal, 
we cannot escape the conclusion that the force of gravity at every place on its 
surface changes, and although the change is exceedingly slight, and the total 
change may extend over long periods of time, it may yet be possible, with 
apparatus vastly more delicate than that now used, to measure this change. 
It seems no more improbable than the solution of many problems already 
attained — such for instance, as determining the relative velocities of the earth 
and stars by means of the spectroscope. 

20tk. Suppose that a coiled spring whose natural length is 
A B,is com/pressed to B O. If one end rests against an im- 
movable iody B, and the 
other against a hody at C, 
vjhich is perfectly free to 
7nove horizontally, what will 
Fig. 14. be the time of movem.ent 

from C to A, and what will be the velocity at A ? 

It is found by experiment that the resistance of a spring to 
compression varies directly as the amount of compression, hence 
the action of the spring in pushing the body, will, in reference 
to the point A, be the same as an attractive force which varies 
directly as the distance, and hence it is similar to the preceding 
example. But if the spring, is not attached to the particle the 
motion will not be periodic, but when the particle has reached 
the point A it will leave the spring and proceed with a uniform 
velocity. If the spring were destitute of mass, it would extend 
to A, and become instantly at rest, but because of the mass in 
it, the end will pass A and afterwards recoil and have a periodic 
motion. If the body be attached to the spring, it will have a 
periodic motion, and the solution will be similar to the one 
in the Author's Resistance of Materials, Article 19. 

Take the origin at A, s being counted to the left ; suppose 
that 5 pounds will compress the spring one inch, and let the 
total compression be a = 4 inches. Let W = the weight of 
the body = 10 pounds. 
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Then the absolute force is found from the equation 
J/ = i^ or H./^ 5 ; .-. / = 16^ feet. 

Hence, for any point we have 

---16 1s- 
from which we find that 



^n nearly, 



and, ■« = 64 inches nearly. 

21st. Suppose that in the preceding problem a body whose 
weight is M' is at B, and another M" at C, loth heing perfectly 
free to move horizontally, required the time of movement that 
the distance between them shall he equal to A£ ; and the 
resultant velocities of each. 

It is convenient in this case to take the origin at the centre of 
one of tlie bodies — say that of B — and remain at the centre 
during motion. The origin will be movable. 

Let n = the absolute force of the spring ; that is, the force 
which will compress the spring a unit of length 
— say one inch — ; 

a = the total compression ; and 

b =^ the length after compression. 

Then 

jxa = the total reaction of the spring when motion 

begins ; 
fi{a—{s—b)) = the reaction (or moving force) when the spring 

has expanded an amount equal to s — 5 ; and 

M+ M' = the total mass moved ; 
hence 



^__ F_ fija + b-s) , 
df~M~ M' + M" ' 

ds' _ fi{2as + 2fe - s>) ^ 
dl~ M^T~S" '■ 
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{2a + b)b 



But « = for s = 5 ; .-. Ci = — ft 



v/; 



dt- 



M'+ M" ' 
ds 



-M" V'2(s - b)a - (s - hf 

and integrating gives 



^/ 



Jf ' + M" a 



and, making s = a + 5, we have 



which, as in the preceding example, is independent of the 
amount of compression of the spring. 

To find the relation between the absolute velocities, 

Let s' = the space passed over Ijy M', and 
s" = the space passed over by M"; 

then since the moving force is the same for both, we have 

df df 

Integrating, gives 

M'v' = M"v". 

22d. Suppose that the form varies directly as the distance 
from the centre of force and is eepulsive. 

Then 

d^'s 

df='''' 

in which u is the initial velocity. 

2Sd. Swpjpose tJiat the force varies inversely as the square of 
the distance from the centre of the force and is attraotivk. 

[This is the law of universal gravitation, and is known as the law of the 
inverse squares. While it is rigidly true, so far as we know, for every 
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particle of matter acting upon any other particle, it is not rigidly true for 
finite bodies acting upon other bodies at a finite distance, except for homoge- 
neous spher/s, or spheres composed of homogeneous shells. The earth being 
neither homogeneous nor a sphere, it will not be exactly true that it attracts 
external bodies with a force which varies inversely as the square of the 
distance from the centre, but the deviations from the law for bodies at great 
distances from the earth will not be perceptible. We assume that the law 
applies to all bodies above the surface of the earth, the centre of the 
force being at the centre of the earth.] 

Let the problem be applied to the attraction of the earth, 
and 

H = the radius of the earth ; 
g = the force of gravity at the surface ; 
/i := the absolute force ; and 
s = the distance from the centre ; 
then 

9 . 



/" = -73 



and 

Multiply by ds and integrate ; observing that for s = a, v = 0, 
and we have 



='4s-l) (^) 



df 

„ as — s^ 

2i" \i 7, — sds 



■■•(f) 



{as — 6-^)* ■ 

using the negative sign, because t and s are inverse functions 
of each other. 

The second member may be put in a convenient form for 
integration by adding and subtracting -J a to the numerator 
and arranging the terms. This gives 

^J^J^ds 
(as — s'p 

a — 2.9 , , ads 
ds + 



2{as-if'ji 2{as-s')i ' 
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the integral of which is 



_i 2s 



(5) 



{as — ^)i — id, versin ' — +C. 
But when s = a,t = .-. 0= ia^ ; 

From the circle we have tt —TerBiD-' _ = tt — cob~W1 — — J = 

"•-( -('-?))=="-■('"-•)• 

Prom trigonometry, we have 3 cos^ j/ — 1 = cos 3 y. 
Let 3 y= cos ~' I 1 J, then 

COS 22/ = _ — 1 ; . ■. cos'' y = --, and 2^ = cos-' , / £ ; and 
'i' fls fa 

Sj/ = 3 cos~'4/ — ; orjT — Tersin-'— . 

From (a) it appears that for s = 0, w = 30 ; hence the velocity 
:at the centre will be infinite when the body falls from a finite 
•distance. 

If s = df = Qc , -y = 0. If a body falls freely from an infinite 
•distance to the earth, we have in equation («) 

a = 00 ; and 

s = r = the radius of the earth ; 

for the velocity' at the surface. But ^ = ^ ; 

.-. V = {2gr)h 

Jig— 321 ^eet and r = 3962 miles, we have 

_ (6^ X 3962\i . 

''-I- 5280- J --=6.90 miles. 

Hence the maximum velocity with which a body can reach 
the earth is less than seven miles per second. 



[24.] ATTRACTIVE FORCES. 3o 

2iM. Suppose that the force is atteaotive and varies in- 
versely as the n''^ power of the distance. 

Then 

d^s _ fi 

de~ ~ ?' 

■ ■ d^" n-\ Is"-! ^^1 / ' 
and integrating, gives 

\ 2 f« / •'a ' 

According to the tests of integrability this may be integrated 
when 

5 3 1 ,3 5 
''=■■■ • 7> 5. 3>-l,n>or-....etc., 

3 2 1 . „ 3 
orn= ....-,-, -,0,2, or- etc. 

2Hh. Let the force vary inversely as the square root of the 
distance and he atteactivb. (This is one of the special cases 
of the pi'eceding example.) 

We have 

d?s _ __fi 

d£''"~ S' 

The negative sign is taken because i and s are inverse functions of each 
other. 

Add and subtract — -pz — 7 and we have 

3 y« Va*— »4 



r__Vj__ gy/a _ ay/a ~| 



cfo 
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t - 






26i?A. Swppose that the force is aiteactive and varies in- 
versely as the distance. 

Hence 

'de~ ~ 7' 

dg^ n 1 « 

••■^=2, log-; 

in which s = a for v = 0. Hence the time from s =a to 
s = 0, is 



]_ /"O ^s 



V'iA'./rYi^^^U ^2^/ 



-s.y»(i„,j) 



=«&)*■ 



Let I log —1=2^; then f or « = a, jr = and f or « = 0, jr — oo . Squaring 
and passing to exponentials, we have 

, log — = If .•.— — e" , 01 s = a e " ; 

.'. ds = ae ^ .2y dy; 

This is called a gamma-function, and a method of integrating it is as 
follows : — 

Since functions of the same form, integrated between the same limits are 
independent of the yariahles and have 'ihe same value, therefore 
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Jo Jo 

and / e-*^<;y / r^ at = / e'^'^rfy . 

Also the left hand member -will be of the same value if the sign of integra- 
tion be placed over the whole of it, since the actual integration Vfill be 
performed in the same order ; hence 






■^dy at 






in which y = tu\ .'. dy = t du. Integrating in reference to t, we have 

_ -i^ (1 + m 



2 (1 + m2) 



du. 



du 



which for i = oo becomes zero, and for i = becomes r- , and the iu- 

tegral of this is ^ tan~' m, which is zero for m = 0, and \ it for m =: oo ; 

-•00 






(See also Mee. Celeste, p. 151 [1534 0].) 
Or we may proceed as follows : — 

J! „ dx 

Let «-" =2! .■.(/* = —(— log a!)2 g^ ; 

.-. f e~^dt= f -ii-logxf^ dm. 
Jo J\ 

Let !B = a» and consider a less than unity ; then log a will be negative, 
and —log X = jf log a ; 

2 

. •. dx — — oiH 2y dy log a ; 
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■whicli substituted above gives 

«-* = / - i (- log xY^dx = (-log as)"* / fls^/ dy. 
•fl •'0 

Dividing by (— log a)^ and multiplying both sides by —da, we have 

J' -i (- log ar*<ia / -i (- log *)■*<& = / / - 4 a^^'^i' «!»• 
1 •'1 •'0 «'l 

Integrating the second member first in regard to a, gives 



-I 



a^ + 1^ 
2,2+1 



which between the limits of and 1 gives i — '■ — ; the integral of which is 
i tan-i^ which between the limits of oo and gives J^. 

. •. / - 4 (- log a)'^ da J -|(_ log a!)'^dx 
= f^ -i{-log x)-^dx =i^; 

•'■ / «~* dt = 1 i/tt. 

(See Mee. Celeste, Vol. iv. p. 487, Nos. [8319] to [8331]. O/iauvenefs 
Bpherical Astrmomy, Vol. i. p. 152. Todhunter's Integral UaUidus. Price's 
Infinitesimal Calculus.) 

Sometimes the best way to integrate an exponential quantity, is first to 
differentiate a similar one, and the integration often becomes apparent. Thus 

to integrate te * dt, firSt differentiate e~*^. We have li e~*^=e~^''' 

d (- «2) = e-t\- 2 tdt) = - Zte-^dt ; 

.-. / de-^ = -3 / ««-« dt. 

But the first member is the integral of the differential, and hence is the 
quantity itself, or e~* , and hence the required integral is -^ e~* . 

21th. Suppose that two hodies have their centres at A and 

A' respectively, and 

jl- £. — i C _^' ATTEACT a particle at 

^'°- IS- p with forces which 

vary as the distances from A and A'. 
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Let G be midway between A and A! ; 
6jP = a ; 
AC= CA' = g; 
Cb — s — any variable distance ; 
and let /x = fi' — the absolute forces of the bodies A and A' 
respectively. 

Then 

-^ = fi{a-s)-(i{a + s) -2iis; 

and integrating again gives 

s — G cos t V^- 

28^A. Suppose that a particle is projected with a velocity u 
into a m,edium which resists as the square of the velocity ; 
determine the circumstances of motion. 

Take the origin at the point of projectipn, and the axis s to 
coincide with the path of the body. 

Let [I = the absolute resistance — or the resistance of the 
medium when the velocity is unity ; 

then /* (-7-) = the resistance for any velocity ; 

^ - _ /^*\^ 
•■■ dt^ ~ ^ [dtj ' 



d 

dt 

ds 
And integrating between the initial limits, s = f or -^ = u, 

and the general limits, we have 

, ds , 

log ■^-logu= -fis; 
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ds_ 

■, dt 
m; log — - — t^s; 

ds -us 

or, v,dt — ^ ds. 

Integrating again, observing that t = ior s = 0, we have 

nut=e —1. 

The velocity becomes zero only when s =: oo . 

29#A. A heavy hody falls in the air hy the force of gravity, 
the resistance of the air varying as the square of tlie velocity y 
determine the motion. 

Take the origin at the starting point, and 

Let K = the resistance of the body for a unit of velocity ; 
s = the distance from the initial point, positive down- 
wards ; 
t = the time of falling through distance s ; 

then ^- = for t and s = : 
dt 

-rr- = v for t — t and s = si and 
dt 

-=- I — the resistance of the air at any point, and acts 

Cot I -I 

upwards ; 
and g — the accelerating force downward ; 

hence, the resultant acceleration is the difference of the two, or 



dh /dsY 

df^^-'K-dt)'^ W 
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« I*/ 

Separating this into two partial fractions, and integrating, gives 

4 idji 

Psissing to exponentials gives 



s — — 
dt 



-(^y 



,2< («?)%! (5) 



which gives the velocity in terms of the time. To find it in terms of the 
space, multiply equation (a) by ds and put it under the form 



d(^\ 
\dtl 



2k ds. 



g__ I'dsVi 
Proceeding as before, observing the proper limits, we find 

-Q" 



Zks = — log 
ds 



= .= /5(l-.--). 



(«) 



• Vf. 



If « = CO , s = a/ - , and hence the velocity tends towards a constant. 

From equation (J), multiplying the terms of the fraction by e^^^^ff)*, 
and observing that the numerator becomes the difEerential of the denominator, 
integrating, and passing to exponentials, we have, 

which gives the space in terms of the time. 

A neat solution of equation (a) may be found by Lagrange's method of 
Variation of Parameters. 
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ZOth. Suppose that the lody is projected upward in the avr, 
having the same coeffident of resistance as in the preceding 
example. 

Take tlie origin at the point of propulsion, u being the 
initial velocity ; then 



d^s d ds 
;0r. 



hence, Kdt — 



w''dtdt=-^-''\itl' ^"^ 



gIdsY \ 
K \dtl 



(ft 

Solving this equation for — ; we have, 

® = - = /g\* uVK~gt2eatV7g 

^^ V) Vg + u V KtiLntVK^ • ^■'' 

Substitute sin i ■//cj -=- cos < V k^ for tan t\ kq and the numerator be- 
comes the differential of the denominator, and observing that f = for a = 0, 
we have 

1 « Vk sin <Vitff + vg COB t^KO 
« = - log 



V7 

which gives the space in terms of the time. 
Multiply equation (e) by ds and it may be put under the form 

d( 

2 xds — — ^ r3-,-5- 

daV 



'M. 



Integrating, observing that u is the initial velocity, and 



S + « [dt) 
2)c((= -log ^ ' ■ 



g + KU^ ' 
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At the highest point ® = 0, which in (/) and (g) gives 

«= M~*taa->M(-j ; (h) 

and, s= — log (l + ^ u^j. (0 

Substitute this value of « in equation (c) of the preceding example, and we 
have 



v=JUl 1 \ 

^n iog(i + ««2)j 



*^ M i + i^A 




which gives the velocity in descending to the point from which it started ; 
and as it is less than «, the velocity of return will be less than that with 
which it was thrown upward. This is because the resistance of the air is 
against the velocity during the entire movement, both upwards and down- 
wards. 

The same value of s {Eq. (i) ) substituted in (d) of the preceding example 
gives the time of descent, 

1 Vg + ku^ + w Vk 
* ~ o — 7= ""S ■ — 7=- ; 

* V KQ 'V g X KV^ —UVK 

which differs from the time of the ascent, as given by (/») above. 

31 St. Supjjose that the force is attractive and varies inversely 
as the cube of the distance, and that the medium resists as the 
square of the velocity, and as the square of the density, the 
density varying inversely as the distance from the origin. 

Let K = the coefficient of resistance, being the resistance 
for a unit of density of the medium and 
a unit of velocity ; 
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K Ids \^ 
then "2 l-^l ds = the resistance at any point. 

^' ^ K (dsV 

■'■ df ~ ^^ ^\dt)' 

Multiply by Ms, and we have 

(ds\i 2ic (dsV , 2^ 






This is a linear differential equation of which the integrating factor is 
e *. The initial values are i = 0, and « = as for » = M ; 



I 3k - « — 3k — (I — 

; « « « » y, 



^0-"-^H 



which gives the velocity in terms of the space. The final integral cannot be 
found. 

25. "WoEK AND Vis Yiva {or living force.) — ^Eesuming 
equation (21), and multiplying both members by ds, we have 

Fds = M-~ds. 

Integrating between the limits, v — Vo for s = ; and v = v 
for s = 5, we have 

fFds = Wiv" - V). (23) 

If V(, = 0,we have 

fFds = iMiP. (24) 

The expression J/?/ is called the vis viva (or living force) 
of a body whose mass is M and velocity v. Its physical im- 
portance is determined from the first member of the equation, 
which is called the work done by a force F in the space s. 
Hence the vis viva equals twice the worJc done hy the moving 
force. 

WoEK, mechanically, is overcoming resistance. It requires a 
certain amount of work to raise one pound one foot, and twice 
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that amount to raise two poniuls one foot, or one pound two 
feet. Siiuilarlj, if it requires 100 pounds to move a load on a 
horizontal plane a certain amount of work will be accomplished 
in moving it one focit, twice that amount in moving it two 
feet, and so on. Hence, generally, if 

i^= a constant force which overcomes a constant resist- 
ance, and 
s = the space over which i'^acts, 

then 

^Vor7c = Is; (25) 

and similarly, if 

F= a variable force, then 
Work = 'S Fds ; (26) 

and if Fl?> a function of s we have 



Work =fFds. 



The TJXiT of work is one pound raised vertically one foot. 
This nnit being small for most practical purposes, another unit 
called the horse-poioer is used for determining tlie efficiency 
of motors and machines. The horse-power is 33,000 pounds 
raised one foot per minute. 

The total work, according to equation (25), is independent 
of the time, since the space may be accomplished in a longer 
or shorter time. 

But implicitly it is a function of the time and velocity. If 
the work be done at a uniform rate, we have 

8 — vt, and 
F.s = F.v.t. 

If # = 1, we have, for the work done in a unit of time, 

F.v. (28) 

which is called the Dynamic Effect, or Mechanical Power. 

Every moTing; body on the surface of the earth does work, for it overcomes 
a resistance, whether it be friction or resistance of the air, or some other 
resistance. The same is true of every body in the universe, unless it moves 
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IE, a non-resisting medium. * Animals work not only as beasts of burden, 
but in their sports and efforts to maintain life ; water as it Rourses the stream 
wears its banks or the bed, or turns machinery ; wind fills the sail and drives 
the vessel, or turns the windmill, or in the fury of the tornado levels the 
forest, and often destroys the works of man. The raising of water into the 
air by means of evaporation ; the wearing down of hiDs and mountains by the 
operations of nature; the destruction which follows the lightning-stroke, 
etc. , are examples of work. 

"Work may be useful or prejudicial. That work is useful 
which is directly instrumental in producing useful effects, and 
prejudicial when it wears the machinery which produces it. 
Thus in drawing a train of cars, the useful work is performed 
in moving the train, hut the prejudicial work is overcoming the 
friction of the axles, the friction on the track, the resistance of 
the air, the resistance of gravity on up grades, etc. It is not 
always possible to draw a practical line between the useful and 
prejudicial works, but the sum of the two always equals the 
total work done, and hence for economy the latter should be 
reduced as much as possible. 

In order to determine practically the work done, the inten- 
sity of the force and the space over which it acts must be 
measured simultaneously. Some form of spring balance is 
commonly used to measure the force, and when thus employed 
is called a Dynamometer. It is placed between the moving 
force and the resistance, and the reading may be observed, or 
autographically registered by means of suitable mechanism. 
The corresponding space may also be measured directly, or 
secured automatically. There are many devices for securing 
these ends, and not a few make both records automatically and 
simultaneously. 

If the force is not a continuous function of the space, equa- 
tion (26) must be used. The result may be shown graphically 
by laying off oil the abscissa, AB, the distances ac, ce, etc., 
proportional to the spaces, and erecting oi-dinates ab, cd, ef, etc., 
proportional to the corresponding forces, and joining their 
upper ends by a broken line^ or, what is better, by a line which 

* All space is filled with something, since light is transmitted from all 
directions. But is it not possible that there may be a sometliing through 
which bodies may move without resistance ? 
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Fio. 16. 



is slightly curved, the amount and direction of curvature 

being indicated by the 

broken line previously 

constructed ; and the 

area thus inclosed will 

represent the Nvork. 

The area will be giv- A. 

en by the formula 

Simpson's rule for determining the area is: — 

Divide the abscissa AB into an even number of equal parts, 
erect ordinates at the points of division, and number them 
in the order of the natural numbers. Add together four times 
the- even ordinates, tivice the odd ordinates and the extreme 
ordinates, and multiply the sum by one third of the distance 
between any two consecutive ordinates. 

If 2/o) Vi, Vi: etc., are the successive ordinates, and I the 
distance between any two consecutive ones, the rule is expressed 
algebraically as follows : — 

Area = U {y, + 2?/i + iy^ + 2^3 + 4^^ + 2j/g + - - - y„) (29) 

If the applied pressure, F, is exerted against a body whicli 
is perfectly free to move, generating a velocity v, then the work 
which has been expended is, equation (24), ^Mv^. This is 
called stored work, and the amount of work whicli will be done 
by the moving body in being brouglit to rest will be the same 
amount. If the body is not perfectly free the quantity ^Mv^ 
is the quantity of work which has been expended by so much 
of the applied force as exceeds that which is necessary 'in 
overcoming the frictional resistance. Thus a locomotive starts 
a train from rest, and when the velocity is small the power 
exerted by the locomotive may exceed considerably the resist- 
ances of fiiction, air, etc., and produce an increasing velocity, 
until the resistances equal constantly the tractive force of the 
locomotive, after which the velocity will be uniform. The 
work done by the locomotive in producing the \elocity v in 
excess of that done in overcoming the resistances will he^Mv^, 
in which Mi& the mass of the train, including the locomotive. 
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We see that double the velocity produces four times the 
work. This is because twice the force produces twice the 
velocity, and hence the body will pass over twice the space in 
the same tiine, so that in producing double the velocity we 
have 2^2s = 4:F.s, and similarly for other velocities. 

[We have no single word to express the unit of living force. If a unit of 
mass moving with a velocity of one foot per second be the unit of living 
force, and be called a Dynam, then would the living force for any velocity 
and mass be a certain number of Dynams.'] 

Since wo7'7c is not force, but the effect of a force exerted 
through a Certain space, independently of the time, we call it, 
for the sake of brevity, space-effect. 

Vis viva, or living force, is not force, but it is twice the 
work stored in a moving mass. It equals twice the space- 
effect. 

Some writers have called \Mi?' the vis viva. The advantage 
is that it enables one to say that the work equals the vis viva 
instead of twice the vis viva; but the great majority of 
writers have employed the former definition, and it is not 
desirable to change it. 

Examples. 

1. A body whose weight is 10 pounds is moving with a 
velocity of 25 feet per second ; required the amount of work 
which will be done in bringing it to rest. 

An^. 97.4 foot-pounds. 

2. A body falls by the force of gravity through a height of 
A feet ; required the work stored in it. 

Let W = the weight of the body, 
M = the mass of the body, 
g = acceleration due to gravity, and 
v = the final velocity, then 
t? - 2gh, and Mg — W; 

W 

.: IMv-' = g- • ^gh ^ Wh. 



[26.] ENERGY. 49 

3. A body ■whose weight is 100 pounds is moving on a hori- 
zontal plane with a velocity of 15 feet per second ; how far 
will it go before it is brought to rest, if the friction is con- 
stantly 10 lbs 1 

Ans. = T0.4- ft. 

4. A hammer whose weight is 2000 pounds has a velocity 
of 20 feet per second ; how far will it drive a pile if the 
constant resistance is 10,000 pounds, supposing that the whole 
vis viva is expended in driving the pile 1 

5. If a train of cars whose weight is 100,000 pounds is 
moving with a velocity of 40 miles per hour, liow far will it 
move before it is brought to rest by the force of friction, the 
friction being 8 pounds per ton, or ^-^^-^ of the total weight ? 

6. If a train of cars weighs 300 tons, and the frictional 

resistance to its movement is S pounds per ton ; required the 

horse-power which is necessary to overcome- this resistance at 

the rate of 40 miles per hour. 

Ans. 256. 

7. If the area of a steam piston is 75 square inches, and the 
steam pressure is 60 pounds per square inch, and the Nelocity 
of the piston is 200 feet per minute, required the horse-power 
developed by the steam. 

8. If a stream of water passes over a dam and falls through 
a vertical height of 16 feet, and the transverse section of the 
stream at the foot of the fall is one square foot, required the 
horse-power that is constantly developed. 

Let ff =32| feet, and the weight of a cubic foot of water, 

62i lbs. 

Ans. 21.89. 

9. A steam hammer falls vertically through a height of 3 
feet under the action of its own weight and a steam pressure 
of 1000 pounds. If the weight of the hammer is 500 pounds, 
required the amount of work which it can do at the end of the 
fall. 

26. Energy is the capacity of an agent for doing work. 
The energy of a moving body is called actual or Kinetic energy, 
and is exj)ressed by ^Mv^. But bodies not in motion may have 
4 
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a capacity for work when the restraining forces are removed. 
Thus a spring under strain, water stored in a mill-dam, steam 
in a boiler, bodies supported at an elevation, etc., are examples 
of stored work which is latent. This is called Potential 
energy. A moving body may possess potential energy entirely 
distinct from the actual. Thus, a locomotive boiler containing 
steam, may be moved on a track, and the kinetic energy would 
be expressed by ^Mv^, in which M is the mass of the boiler, 
but the potential energy would be the amount of work which 
the steam is capable of doing when used to run machinery, or 
is otherwise emj^loyed. These principles have been general- 
ized into a law called the Conservation of energy, which 
implies that the total energy, including both Kinetic and Poten- 
tial, in the universe remains constant. It is made the funda- 
mental theorem of modern jjliysical science. (See page 226.) 

The energy stored in a moving body is not changed by 
changing the direction of its path, provided the velocity is not 
changed ; for its energy will be constantly expressed by ^Mv^. 
Such a change may be secured by a force acting continually 
normal to the path of the moving body; and hence we say 
that a force which acts continually perpendicular to the path 
of a moving body does no work upon the hody. Thus, if a 
body is secured to a point by a cord so that it is compelled to 
move in the circumference of a circle ; the tension of the 
string does no work, and the vis viva is not affected by the 
body being constantly deflected from a rectilinear path. 

MOMENTUM. 

27- Resuming again equation (21), multiplying by dt, and 
integrating gives, 

Pu,^Mj:§ = M^ = M,. (30) 

The expression Mv is called momentum., and by comparing 
it with the first member of the equation we see that it is the 
effect of the force F acting during the time t, and is indepen- 
dent of the space. For the sake of brevity we may call the 
momentum a time-effect. 
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If the body has an initial velocity we have 

Fdt=^M{v-Vo); (31) 

'h 

which is the momentum gained or lost in passing from a 
velocity v^ to v. 

Momentum is sometimes called quantity of motion, on 
account of its analogy to some other quantities. Thus the 
intensity of heat depends upon temperature, and is measured 
in degrees; but the quantity of heat depends upon the volume 
of the body containing the heat and its intensity. The inten- 
sity of light may be uniform over a given surface, and vs'ill be 
measured by the light on a unit of surface ; but the quantity 
is the product of the area multiplied by the intensity. The 
intensity of gravity is measured by the acceleration which is 
produced in a falling body, and is independent of the mass of 
the body; but the quantity of gravity (or total force) is the 
product of the mass by the intensity (or Mtj). Similarly with 
momentum. The velocity represents the intensity of the 
motion, and is independent of the mass of the body ; but the 
quantity of motion is the product of the mass multiplied by 
the velocity. 

Differentiating (30) and reducing, gives 

which is the same as (18), and in which -r^ is a velocity-incre- 
ment ; hence the momentum, impressed each instant is a 
measure of the moving force. 
If the force F is constant we have from (30), 
Ft = Mv ; 
and for another force F' acting during the same time 
F't-= M'v' ; 
.-. F:F'\\Mv: M'v' ; 
Iience, the forces are directly as the momenta produced by 
them respectively. 
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If the forces are variable, let 

I Fdt = P ^ Mv, and / F'dt = F' = M 'v' ; 

then 

F:P'::Mv: M'v' ; 
hence the time-efeets are dh-ectly as the momenta impressed. 

We thus have several distinct quantities growing out of equation (21) of 
which the English units are as follows : — 

The unit of force, F, \s 1 ft- 

The unit of work or space effect is 1 Tb x 1 ft. 

The unit of mechanical effect is 1 n> x 1 ft- 

The unit of vis-viva is 32^ lbs x 1' ft. 

The unit of momentum 33 ^bs X 1 ft. 

Work and mechanical effect are of the same quality, and properly have the 
same unit. 

DIEEOT CENTKAL IMPACT. 

28, If two perfectly smooth bodies impinge directly against 
each other, whether moving in the same or opposite directions, 

they mi^tnally displace the particles 
J*' p in the vicinity of the point of con- 

— tact, producing compression whieh 

goes on increasing until it becomes 
a maximnm, at which instant they 
Fig. 17. have a common velocity. A com- 

plete analysis of the motion during contact involves a knowledge 
of the motion of all the particles of the mass, and would 
make an exceedingly complicated problem, but the motion at 
the instant of maximnm compression may be easily found if 
we assume that the compression is instantly distributed through- 
out the mass. 

Let M^ and J/^ be the respective masses of the bodies ; 
v-i and ^2 the respective velocities before impact ; 
Vi and Vi the respective velocities at the instant of 

maximum compression, and 
Pi and P^ the momenta gained or lost respectively by 
the bodies dnring compression. 
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Then from (31) 

Pi = M^ K-t,/) ; 

which is the momentum lost bj^ ifj on account of the action of 
J/j. Similarly 

which, as indicated, will be negative if the bodies move in the 
same directitni, and will be the momentum gained by M^ on 
account of the action of M^. 

But at the instant of greatest compression 

«/ = v^ ; 

and because they are in mutual contact during the same time, 
their time-effects are equal, or 

A = P,. 

Combining these four equations, we find by elimination 

^' =-:^rr^ =^'^' (^^) 

which veh^city remains constant for perfectly non-elastic 
bodies after impact, since such bodies have no power of resti- 
tution, and will move on with a common velocity. 

DIEECT CENTEAL EMPACT OF ELASTIC BODIES. 

29. Elastic bodies are such as regain a part or all of their 
distortion when the distorting force is removed. If they regain 
their original form they are caWedi perfectly elastic, but if only 
a part, they are called imperfectly elastic. At every point of 
the restitution there is assumed to be a constant ratio between 
the force due to compression and that to restitution. But it 
is unnecessary for present purposes to trace tliese effects, for 
by equation (31) we may determine the result when the bodies 
finally separate from each other. 
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Let iSj = the ratio of the force of compression to that of 
restitution of one body, which is called the 
modulus of elasticity, 
e^ — the corresponding value for the other ; 
Fi ~ the velocity of M^ at the instant when they separ- 
ate from each other ; and 
"Fg = the corresponding velocity for M^. 

Then from equation (31) 

e,P,= M,{V,-v^); (34) 

-e,.F,==^M,{V,-v,'). (35) 

As before Pi = Jf^ and we will also assume that 6^ = 6.^ — e. 
These combined with (32) and (33) give 



Fi: 



J/i-yj + Jl^Wa eM^ 



M, + M, - M, + M, (^1-^^); (36) 






30, Discussion of EQtrA'noNS (36) and (37). 
1°. If the bodies are perfectly non-elastic, « = 0. 

which is the same as (33). 

2°. If they are perfectly elastic e— 1. 



•■• ^^ = ^1 - m:^-M, (^1 - ^^) 5 (39) 



TT , 2jri , 

Fa = t;,-f-^-j-^(^,,-^,,). (40) 
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From (38) we have 

M 
aT,d, r,-v,= ^~-^^ K-«,). 

Similarly from (39) and (40) 

hence, the velocity lost by one body and gained by the other is 
twice as much when the bodies are perfectly elastic as when 
they are perfectly uon-elastic. 

3°. If Ml = M2 , then for perfectly elastic bodies we have 

^2 = ^2 + -^:^-^ (.vt-v^) = vr, 

that is, they will interchange velocities. 

4°. If Ml impinges against a fixed body, we have M2 = <xi , 
and v^ = 0, 

.-. Fi = — 6 % . 

This furnishes a convenient mode of determining e. For if 
a body falls from a height upon a fixed horizontal plane, it 
will rebound to a height A^ ; 

.'. hi= —eh, or e = — t- . 

Also if (5 = 1 

or the velocity after impact will lie the same as before, but in 
an ojjposite direction. 
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Also if fi = 0, Fi = ; or the velocity will be destroyed. 
5°. If Vi — we have 









> (*i) 



EXAMTLES. 

(1.) A mass M\ with a Telocity of 10, impinges on M^ moving' in an opposite 
direction, moying with a velocity 4Nand has its velocity reduced to 5 ; required 
the relative magnitudes of M\ and Jf^. 

(2.) Two inelastic bodies, weighing 8 and 5 pounds respectively, move in 
the same direction with velocities 7 and 3 ; required the common velocity 
after impact, and the velocity lost and gained by each. 

(3.) If J/i weighs 12 pounds and moves with a velocity of 15, and is im- 
pinged upon by a body M^ weighing 16 pounds, producing a common velocity 
of 30, required the velocity of M^ before impact if it moves in the same or 
opposite direction. 

(4.) If 5J/i = ^Mi , frill = — Sbj , ®2 = 7, and e = § ; required the velocity 
of each after impact. 

(5.) If J/i = %M^ , V^ - f»„ and »2 = ; required e. 

(6.) If Bi is 26, Ml is moving in an opposite direction with a velocity of 16 ; 
Ml = 2M2 , e—^; required the distance between them 5^ seconds after 
impact. 

(7.) Two bodies are perfectly elastic and move iu opposite directions ; the 
weight of Ml is twice M2, but ®2 = 2», ; required the velocities after impact 

(8.) There is a row of perfectly elastic bodies in geometrical progression 
whose common ratio is 3, the first impinges on the second, the second on the 
third and so on ; the last moves off with ^f the velocity of the first. What is 
the number of bodies ? 

Ana. 7. 

LOSS OF VIS VIVA IN THE IMPACT OF BODIES. 

31. Before impact the vis viva of both bodies was 
and after impact 
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which by means of (36) and (37) becomes 

M, V,' + M, Vi = J^W + M,vi - ^l^l^(^^-^^y, (42) 

For perfectly elastic bodies e = 1 and the last term disap- 
pears ; hence in the iinpact of perfectly elastic iodies no vis 
viva is lost. 

If the bodies are imperfectly elastic e is less than 1, and since 
(«i — ■'■3)^ is always positive, it follows that in the impact of 
imperfectly elastic hodies vis viva is always lost, and the 
greatest loss is suffered when the hodies are perfectly 
non-elastic. 

If e = 0, (42) becomes 

M^^ - V,^) + Mlvi - F/) =^f-~\ {V, - v,f • (43) 

in which each member is the total loss by both bodies. It is 
also the loss up to the instant of greatest compression when the 
bodies are elastic. 

If M2 is very large compared with M^ we have from (38) 
Fi = v^ nearly, = V^ , 
and (43) becomes 

ifit>;^ - i/i Fi^ = M,{vi -- V,f, 

the second member of which is frequently used in hydraulics 
for finding the vis viva lost by a sudden change of velocity. 

These investigations show the great utility of springs in 
vehicles and machines which are subjected to impact. 

EELATION8 OF rOEOE, MOMENTUM, WOEK, AND VIS VIVA. 

32. We may now deteeminb the exact office in the same 
problem of the quantities ;— force, momentum, wor/c, and vis 
viva. Suppose that a force, whether variable or constant, 
impelsa body, it will in a time t generate in the mass M a 
certain velocity v. This force Tnay at any instant of its action 
be measured by a co-tain number of pounds or its equivalent. 
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Suppose that this mass impinges upon another body which 
inaj be at rest or in motion. In order to determine the effect 
upon their velocities we use the principle of momentum, as 
has been shown. But the bodies are compressed during 
impact and hence work is done. The amount of worl?: which 
they are capable of doing is one half the sum of their vis vivm ; 
and if they are brought to rest all this work is expended in 
compressing them. If the velocity of a body after impact is 
less than that before, it has done an amount of work repre- 
sented by iM{v^ — V^), and similarly if the other body has its 
velocity increased it has lining force imparted to it. The distor- 
tions of bodies represent a certain, artiount of worJe expended. 
And this explains why in the impact of imperfectly elastic 
bodies vis viva is always lost, for a portion of the distortion 
remains. Is any_£c«:ee lost? One of the grandest generali- 
zations of physical science is, that no fam^ee'in nature is lost. 
In the case of impact, compression develops heat, and this 
passes into the air or surrounding objects, and the amount of 
energy which is stored in the heat, electricity or other element 
or elements, which is developed by the compression, exactly 
equals that lost to the masses. We thus see that in the case of 
moving bodies, force impels, momentum determines velocity 
after impact, and work or vis viva p^p^f^esemts- the resistance 
iphich the particles offer to being displaced. 

33. An impulse is the effect which a force produces in an 
imperceptibly short time. In the impact of bodies it is of the 
nature of a blow. It is sometimes considered as an instantane- 
ous force; that is a force which produces its effect instantly, 
requiring no time for its action / but no such forces exist in 
nature, and hence are purely ideal. Every force requires 
time in which to produce its effect. 

Resuming equation (31), we have 

J, 
Mt = M{v — Vo); 



/: 



in which if we consider F to be indefinitely large, and t 
indefinitely small, the value of the definite integral will still be 
expressed by the second member of the equation. But in this 
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case the first member is tlie time-effeot of an impulse, and the 
second member measures its effect in producing a cliange of 
velocity. Calling this value Q, -we have 

Q =: Mi^v - V,) = MV. (U) 

Hence, the measure of an impulse in producing a change of 
veloc'itij of a hody is the increased {or decreased) rnomentum 
produced in the body. 

This is the same as when the foi-ce and time are finite. If 
the force were strictly instantaneous tlie velocity would be 
changed from ■«„ to v witliout moving the body, since it would 
have no time in which to move it. 

Similarly from equation (29) we have 

/ Fds = iM{v^ - v^") ; 

in which for an impulse ^ will be indefinitely large; and 
hence the work done by an impidse is measured in the same 
way as for finite forces. 

All the effects therefore of an impulse are measured in the 
same way as the total effects produced by a finite force. 

In regard to forces, we investigate their laws of action ; or 
having those laws and the initial condition of the body we 
may determine the velocity, energy, or position of the body at 
any instant of time or at Any point in space, and hence we may 
determine final results ; but in regard to impulses we deter- 
mine only certain final results without assuming to know axiy- 
thinjr of the laws of action of the forces, or of the time or 
space occupied in producing the effect. 

The terms "■Impulsive force, " and ^'' lnstard,aneous force^'' 
are frequently used to denote the effect of an "Impact; " but 
since the effect is not a force, they are ambiguous, and the 
term "Impact " appears to be more appropriate. 

An incessant force may be considered as the acition of an 
infinite number of infinitesimal impulses in a finite time. 
The question is s(;metiraes asked, " What is the force of a 
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blow of a hammer ? " If by the force is meant the pressure 
ill pounds between the face of the hammer and the object 
struck, it cannot be determined unless tlie law of resistance 
to compression between the bodies is known during the con- 
tact of the bodies. But this law is generally unknown. Tlie 
pressure begins with nothing at the instant of contact and 
increases very rapidly up to the instant of greatest compression, 
after which the pressure diminishes. The pressure involves 
the elasticity of both bodies ; the rapidity with which the force 
is transmitted from one particle to another ; the amount of the 
distortion ; the pliability of the bodies ; the duration of the 
impact ; and some of these depend upon the degree of fixed- 
ness of the body struck ; and several other minor conditions ; 
and hence we consider it impossible to tell exactly what the 
force is. 

Examples. 

1. Two bodies whose weights are W and W^ are placed 
very near each other, and an explosive is discharged between 
them ; required the relative velocities after the discharge. 

2. A man stands upon a rough board which is on a perfectly 
smooth plane, and jumps off from the board ; required the 
relative velocities of the man and board. 

[Obs. The common centre of gravity of the man and hoard will remain the 
same after they separate that it was before. After separating they would 
move on forever if they did not meet with any obstacle to prevent their 
motion. ] 

3. A man whose weight is 150 pounds walks from one end 
of a rough board to the other, which is twelve feet long, and 
free to slide on a perfectly smooth plane ; if the board weighs 
50 pounds, required the distance travelled by the man in space. 

4. In example 3 of article 24, suppose that the weight 10 
pounds is permitted to fall freely through a height A, when it 
produces an impulse on the body (50 pounds) through the 
intermediate inextensible string ; required the initial velocity 
of the body. 
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Let Vo = V^jcA = the velocity of the weight just before 
tlie impulse ; and 

V = the velocity immediately afterward, which will 
be the common velocity of the body and 
weight ; 
then 

^ = 50 v = 10 (wo - -y) ; 

.-. V = l^'o • 

The subsequent motion may be found by equation (21), 
observing that the initial velocity is v. 

The tension on the string will be infinite if it is inextensible, 
but practically it will be finite, for it will be more or less 
elastic. 

[Some writers have used the expression impulswe tension of the string 
instead of momentum.'\ 

5. If a shell is moving in a straight line, in vacno, with a 
velocity v, and bursts, dividing into two parts, one part moving 
directly in advance with double tlie velocity of the body ; what 
must be the ratio of the weights of the two parts so that the 
other part will be at i-est after the body bursts? 

6. Explain how a person sitting in a chair may move across 
a room by a series of jerks without touching the floor. (Can 
he advance if the floor is perfectly smooth 1) 

7. A person is placed on a perfectly smooth plane, show 
how he can get off if he cannot reach the edge of the plane. 



The same impulse applied to a small body will impart a 
greater amount of energy than if applied to a large one. 
Thus, in the discharge of a gun, the impulse imparted to the 
gun equals that imparted to the ball, but the work, or destruc- 
tive effect, of the gun is small compared with that of the ball. 
The t{m.e of the action of the explosive is the same upon both 
bodies, but tlie space moved over by tlic gun will be small 
compared with that of the ball during that time. 

The product Mv, being the same for both, as if decreases v 
increases, but the work varies as tlie square of the velocity. 
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34. Statics is that case in which the force or forces which 
would produce motion are instantly arrested, resulting in 
pressure only. The expression for the elementary work which 
a force can do is Fds, but if the space vanishes, we have, 
Fds — 0. This, as we shall see hereafter, is a special case of 
" virtual velocities." 

The forces which act upon a body may be in equilibrium 
and yet motion may exist, but in such cases the velocity is 
uniform. 

35. PowEE implies an ability to do. It refers to the acting 
agent. Thus we speak of a water power, the power of the 
wind, the power of a lens, animal power, etc., without implying 
any particular measure. It is a more general term than_/o/"ce, 
though too often used synonymously with it. 

36. Inertia implies passiveness or want of power. It means 
that matter has no power within itself to put itself in motion, 
or when in motion to change its rate of motion. Unless an 
external force be applied to it, it would, if at rest, remain for- 
ever in that condition ; or if in motion, continue forever in 
motion. Gravity, which is a force apparently inherent in 
matter, can produce motion only by its action upon other 
matter. 

Ineetia is not a force, but because of the property above 
explained, those impressed f(jrces which produce motion are 
measured by the product of the mass into the acceleration 
as explained in preceding articles ; and many writers call this 
measuee the force of inertia. 

37, Newton's Theee Laws of Motion. 

Sir Isaac Newton expressed the fundamental principles of 
motion in the form of three laws or mechanical axioms ; as 
follows : — 

1st. Every body continues in its state of rest or of uniform 
motion in a straight line unless acted upon by some external 
force. 

2d, Change of motion is proportional to the force impressed, 
and is in the direction of the line in which the force acts. 
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3d. To every action there is opposed an eqnal reaction. 

[As simple as these laws appear to the student at the present day, the science 
of Mechanics made no essential progress until they were recognized. See 
Whewell's Inductive Sciences, 8d Ed., Vol. 1, p. 311.] 



DIRECT ECCENTEIC IMPACT. 

38. In all the problems thus far considered, it has been 
assumed that the action-line of the force or forces passed 

through the centre of 

the mass, producing 
a motion of transla- 
tion only. But if the 
action line does not 
pass through the 
centre, it will pro- 
duce both transla- 
tion and rotation. 



'y 




If an impulse, P, wJiose action-line is nor7nal to the surface 
at the point of impact, hut which does not pass through the 
centre of the body, be imparted to the body, it loill produce the 
same translation as if its action-line passed throxigh the centre 
and also impart a rotary motion to the body. 

In Figure 18, let P = Mv be the impulse imparted to the 
body ; in which M k the mass of the body and v the velocity 
of the centre. Let this impulse be imparted at a. At b, a 
distance from the centre =^ cb = ac, let two equal and oppo- 
site impulses be imparted, each equal to ^P The impulse, P, 
equals ^P -f ^P. The four impulses evidently produce the 
same effect upon the body as the single impulse /-*. If now 
one of the impulses, ^/', above the centre is combined with 
the equal and parallel one acting in the same direction below 
the centre, their effect will be equivalent to a single one, equal 
to /-* applied at the centre c. This produces translation only. 
The other i^P above the centre combined with the equal and 
opposite ^P below the centre, produces rotation only ; and it 
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is evident that the greater the distance a, the point of im{)act, 
is from the centre, the greater will be the amount of rotation. 
It should be observed that the impulse imjaarted is not the 
same as that of the body producing the impact. To impart tlie 
same impulse at a as at e by the impact of a moving body, the 
latter must act through a greater space, or move with a greater 
velocity iu the former than in the latter case. An impulse 
at a will produce more vis viva than if imparted at c ; for 
there will be the same vis viva in both cases due to translation, 
and in tlie former case there will be an additional amount due 
to rotatiou. 



CHAPTEE II. 

COMPOSITION AND RESOLUTION OF FORCES. 
CONCUERENT FOECES. 

39. If two or more forces act upon a material particle, they 
are said to be concurrent. They may all act towards the 
particle, or from it, or some towards and others from. 

40. If several forces act along a material line, they are 
called conspiring forces, and their effect will be the same as if 
all were applied at the same point. 

41. The Eesultant of two or more concurrent forces is that 
force which if substituted for the system will produce the 
same effect upon a particle as the system. 

Therefore, if a force equal in magnitude to the resultant and 
acting along the same action-line, but in the opposite direction, 
be applied to the same particle, the system will be in equilib- 
rium. 

If the resultant is negative, the equilibriating force will be 
positive, and vice versa. 

Hence, if several concurrent forces are in equilibrium, any 
one may be considered as equal and opposite to the resultant 
of all the others. 

42. The resultant of several conspiring forces, equals the 
algebraic sum of the forces. That is, if i^ , ^ , i^ , etc., are the 
forces acting along the same action-line, some of which may be 
positive and the others negative, and li is the resultant ; then 

R = F^ + Fi + F^ + etc. = :SF. (45) 

43. If two concurring forces be represented in nn,agnitude 
and direction by ths adjacent sides of a parallelogram,, the 
resultant will be represented in magnitude and direction by; 
the diagonal of the parallelogram. This is called the paral- 
lelogram of forces. 

If each force act upon a particle for an element of time 
it will generate a certain velocity. See equation (44). Let 
5 
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PARALLELOGRAM OF FORCES. 



[43.] 




Pro. 19. 



the velocity which ^would produce be represented by AB ; 
and that of F hj AD = BO. These represent the spaces 

over which the forces 
respectively would move 
the particle in a unit of 
time if each acted sepa- 
rately. If we conceive 
that the force F moves 
it from J. to ^ and that 
the motion is there ar- 
rested, and that P is 
then applied at B, but acting parallel to AD, then will the 
particle, at the end of two seconds, be at O. If, next, we con- 
ceive that each force acts alternately during one-half of a 
second beginning again at A, the particle will be found at a in 
one-half of a second ; at 5 at the end of one second ; at c at the 
end of one and one-half seconds ; and finally at C at the end 
of two seconds. If the times be again subdivided the path will 
be Ad, de, ef,fi, ^9, gK ^S ^°<i *^) ^^'^ it ^'"^ arrive &\. C 'va. 
the same time as before. 

As the divisions of the time increase, the number of sides of 
the polygon increase, each side becoming shorter; and the 
polygonal path approaches the straight line as a limit. There- 
fore at the limit, when the force P and ^act simultaneously, 
the particle will move along the diagonal, A G, of the parallelo- 
gram. But when they act simultaneously, they will produce 
their effect in the same time as each when acting separately ; 
and hence, the particle will arrive at C at the end of one second. 
Therefore, a single force R, which is represented by A C, will 
produce the same effect as P and F, and will be the resultant. 
If now a force equal and opposite to R act at the same point 
as the forces i^'and P, the motion will be arrested and pressure 
only will be the result. See article 34. Hence, the parallelo- 
gram of velocities and of pressures becomes established.* 



* This is one of the most important propositions in Mechanics, and has 
been proved in a variety of ways. One work gives forty-five different proofs. 
A demonstration given by M. Poisson is one of the most noted of the aoialytical 
proofs. Many persons object to admitting the idea of motion in proving the 
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TRIANGLE OF FOECES. 
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If 6 be the angle between tlie sides of the parallelogram 
which represent the forces P and F, 
and M be the diagonal, or resultant, 
we have from trigonometry 



I^ 



J^ + r" + 2PF cos d. (46) 




>ll 



Fig. 20. 



If exceeds 90 degrees, we have 

B^ = F^ + F'- 2PFcos 0. 
If ^ = 90 degrees, we have 



Also, if ^ = 90°, and a be the angle between R and P ; 
and ^ between R and F\ then 




(47) 



P = R cos a ; I 

F = R cos ^ =z R sin a. j 

Squaring and adding, we have 

P^ + F^ = R", 
as before. 

The forces P and T'^are called component forces, or simply 
cow/ponents. 

44, Telajstgle of Foeces. If two forces are rep>res6nted in 
Tnagnittids and direction hy two sides of a triangle the restilt- 
ant will he represented in magnitude and direction hy the 
third side. 

Thus, in Fig. 19, if AB and BG lepresent two forces in 
magnitude and direction, A G will represent the resultant. 

parallelogram of pressures ; but we have seen that a pressure when acting 
-upon a free body will produce a certain amount of motion, and that this motion 
is a measure of the pressure, and hence its use in the proof appears to be 
admissible. But the strongest proof of the correctness of the proposition is 
the fact that in all the problems to which it has been applied, the results 
agree with those of experience and observation. 



68 POLYGON OF FOKCBS. [45-46.] 

Since the sides of the angles of a triangle are proportional 
to the sides opposite, we have 

F _ P R 

(48) 



A A 

sinPji? sini^i? 



sin^i' 



POLYGON OF FOECKS. 

45. If several con- 
cwrrent forces are re- 
presented in magni- 
tude and direction hy 
the s-ides of a closed 
polygon, taken in their 
order they vnU be in 
equilibrium. 

This may be proved by finding the resultant of tv?o forces 
by means of the triangle of forces ; then the resultant of that 
resultant and another force, and so on. 
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PAEALLELOPIPED OF FORCES. 

46. If three concurrent forces not in the same plane are 
represented in magnitude and direction 
hy the adjacent edges of a paralleopiped, 
the resultant will be represented in 
magnitude and direction by the diago- 
nal / and conversely if the diagonal 
of a parallelopiped represents a force, 
it may be considered as the resultant of 
three forces represented' by the adjacent 
edges of the parallelopiped. 

In Fig 22, \i AD represents the force F^ in magnitude and 
direction, and sirpilarly DB represents i^^, and BG, F^; then 
according to the triangle of forces AB will represent the 
resultant of Fx and F^; and AO the resultant of AB and /'g, 
and hence, it represents the resultant of i'l , i^ , and F^ . 
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If F[, F^, and i^ are at right angles with each other, we 
have 



A A A 



and if « is the angle Ii,Fl , ^ of HyFi , and y of Ii,I'l ; then 

Fx — R cos « ; ] 

F2 = B(iOS§; V (49) 

i^ = ^ cos y. ) 

S<j_uaring these and adding, we have 

B^ = Fi^ + F^ + Fi, as before. 



Examples. 

1. When F= F, and 6 = 60°, find R ; (See Eq. (46) ). 

Ans. R = Fy/Z. 

2. If F= Fx and = 120°, find R. 

3. If F= i^ and (9 = 135°, find R. 

Ans. R = FV^^^Vf. 

4. U F^ 2Fi = 3R, find 0. 

5. If 3i^= 4^ = 5R, find the angle i^i^. 

Ans. 90°. 

6. If F= 7,Fi = 9, and = 25°, find R and angle F,R. 

7. A cord is tied aroiind a pin at a fixed point, and its two 
ends are drawn in different directions by forces i^and P. Find 
when the pressure upon the pin is ^ = |^ (P + F). 

„ 2PF- 3{F^ + F') 
Ans. cos = ■ a~pW 

8. "When the concurring forces are in equilibrium, prove that 

F:F:R:: sin F,R : sin F,R : sin P,F. 

9. If two equal rafters support a weight W at their upper 
ends, required the compression o:i eacli. Let the length of 
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each rafter be a and the horizontal distance between their lower 
ends be 5. 



Ans. 



Via"- P 



W. 



10. If a block whose weight is 200 pounds is so situated 
that it receives a pressure from the wind of 25 pounds in a 
due easterly direction, and a pressure from water of !100 
pounds in a due southerly direction ; required the resultant 
pressure and the angle which the resultant makes with the 
vertical. 




EESOLUTION OF CONCtTEEENT FOECES. 

47- Let there be many concurrent 
forces acting upon a single particle, 
and the whole system be referred to 
rectangular co-ordinates. 

Let i'l , i^ , ^ , etc., be the forces 
acting upon a particle at A ; 
X, y, s the co-ordinates of A ; 
tti, «2, etc., the angles which the 
F>o. 23. direction-lines of the respec- 

tive forces make with the axis of x ; 
^1 5 ft ) etc., the angles which they make with y ; 
fi, 78 , etc., the angles which they make with s ; and 
X, JT, and Z, the algebraic sum of the components of the 
forces when resolved parallel to the axes x, y, and s, 
respectively. 

Then, according to equations (45) and (49), we have for 
equilibrium ; 

X= i^cosai-|-i^cosa2 + -^cos «3-j-etc. = 2' Z^cosa = 0; ) 
J"=^cos|Ji-|-i^cos|i(2-|-i^3COS^3-l-etc.=2'i?'cos^= 0; I (50) 
Z = i^cos)'i+i^cos3'2-hi's«os3'3+etc.=^i?'cos7 = 0; ) 

If they are not in equilibrium, let JS be the resultant, and 
by introducing a force equal and opposite to the resultant, the 
system will be in equilibrium. 
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Let a, h and o be the angles which the resultant makes with 
the axes x, y and z i-espectively ; then 
X = li cos a ; 

T-Bcosh; (51) 

Z — M cos . 
Squaring and adding, we have 

X^ + Y^ + Z" ^ IS? (52) 

If jff = equations (51) reduce to (50). 

When the forces are in equilibrium any one of the F-forces 
may be considered as a resultant (reversed) of all the others. 
Equations (50) are therefore general for concurring forces. 

The values of the angles a, §, y, etc., may be determined by 
drawing a line from the origin parallel to and in the direction 
of the action of the force, and measuring the angles from the 
axes to the line as in Analytical Geometry. The forces may 
always be considered as positive, and hence the signs of the terms 
in (50) will be the same as those of the trigonometrical func- 
tions. In Fig. 23 the line Oa is parallel to F^ , and the corre- 
sponding angles which it makes with the axes are indicated. 

If all the forces are in the plane x y then y^, y^, etc. = 90°, 
and (50) becomes 

X= 2'i^ cos « = 0; \ 
Y^SFcoa^ = 0. ) 



(53) 



CONSTEAINED EQUILIBKIUM. 

48. A body is constrained when it is prevented from moving 
freely under the action of applied forces. 

If a particle is constrained to remain 
at rest on a surface under the action of 
any number of concurring forces, the 
resultant of all the applied forces must 
be in the direction of the normal to the 
surface at that point. 

For, if the resultant were inclined to 
the normal, it could be resolved into 
two components, one of which would be 
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tangential, and would produce motion ; and the other normal, 
which would be resisted by the surface. 

Let ir= the normal reaction of the surface, which will be 
equal and opposite to the resultant of all the 
impressed forces ; 

6^ = the angle {N'^) ; 

e„ = the angle {J}/',y) ; 

^2 = the angle {JV,3) ; 

Z= (a?, y, z) — 0, be the functional equation of the sur- 
face; and 

II, Fi,J^s, etc., be the impressed forces. 
Then from (51) and (52), we have 



X= iTcos 6^; 
Y= iVcos^j,; 
Z = N cos 0^; 



From Calculus we have 

COS^a, 



n/^ - m- (if 



(54) 



■and similar'ly for eos 0y and cos 6^. 
These values in (64) readily give 

X _ T _ Z 
\dx) \^) \d^) 



(55) 



(56) 



After substituting the values of cos 0^ , cos d^ , and cos 5, in 
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(54), multiply the first equation by dx, the second by dy, the 
third by ds, add the i*esults, and reduce by the equation 

which is the total differential of the equation Z = ; and we 
have 



X<& + Fdy + Zdz = 0. 



(57) 



Equations (56) give two independent simultaneous equations 
which, combined with the equation of the surface, will deter- 
mine the point of equilibrium if there be one. Equation (57) 
is one of condition which will be satisfied if there be equilibrium. 

To deduce (55) let / (x^y) = 0, and /' (a', 
e) = 0, be the equations of the normal to the 
surface at the point where the forces are applied. 
In Fig. 25 let Oa be drawn through the origin of 
co-ordinates parallel to the required normal, 
then will dx\ dy' and dz' be directly propor- 
tional to the co-ordinates of a ; 



cos aOx = cos Bx = 



Oa 
dx' 
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\/dx"'+ dy'^+dz'^ 
1 

But the normal is perpendicular to the tangent plane, and hence the pro- 
jections of the normal are perpendicular to the traces of the tangent plane. 
The Equation of Condition of Perpendicularity is of the form 1 -1- iza' =; 

(See Analytical Geometry) ; in which a' = -iL , and a= -^ \ the latter of 

dx dx 

which is deduced from the equation of the surface ; 

.: 1 + ~,~ =0: and similarly 
dx dx 



1 + 



dz' dz 
dx' dte 



0; 
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dx 



(&;' 






(fe' da; 

and -=-7 ^ — 3— 

da> dz 



wr 



the last terms of which contain the partial differential co-efficients deduced 
from the equation of the surface. These, substituted in the value of cos g^ 
above, and reduced, give equation (55). 



CONSTBAINED EQUILIBRIUM IN A PLANE. 

49- If all the forces are in the plane of a curve, let the 
plane yx coincide with that plane ; then Z = and (56) 
becomes 



/dL\ ldL\ 
\dx I \dy I 



(58) 



or, Xdx = — Ydy ; 

and, Xdx + Tdy = ; (59) 

in which the first of (58) may be used when the equation of 
the curve is given as an implicit function ; and the second of 
(58), or (69), when the equation is an explicit function. 

When the particle is not constrained it has three degrees of 
freedom (equations (50) ) ; when confined to a surface, two 
degrees (equations (56) ) ; and when confined to a plane curve, 
only one degree (equation (58) ). 

Examples. 

1. A body is suspended vertically by a cord which passes 
over a pulley and is attached to another weight which rests 
upon a plane; required the position 
of equilibrium. 

In Fig. 26, let the pulley be at the 

upper end of the plane and the cord 

and plane perfectly smooth. The 

Pia. 26. weight P is equivalent to a force 
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which acts parallel to the plane, tending to move the weight 
W up it. 

Let W = the weight on the plane, which acts vertically 
downwards ; 
I* = the weight suspended by the cord ; 
i — the inclination of the plane to the hcmzontal ; and 
I, = — y + ax + b = (J, he the equation of the plane. 
Then X=Pcosi; 

Y= -W + P&mi; 



a = tan i = 



sin ^ 



(^) = -^'"°'^(&r) = ^5 



\dy 

and these in (58) give 

P = T^sin^■; 
which only establishes a relation between the constants, and 
thus determines the relation which must exist in order that 
there may be equilibrium ; and since the variable co-ordinates 
do not appear, there will be equilibrium at all points along the 
plane when P = TTsin *. 

The equation of the line, given explicitly, is 

y = ax + 1); 
.: dy — a dx; 

which in the 2°* of (58), or in (59), gives, P = TF sin * as before. 

2. Two weights P and TFare fastened to the ends of a cord, 
which passes over a pulley ; the weight W rests upon a 
vertical plane curve, and P hangs freely ; 
required the position of equilibrium. 

The applied forces at W are the weight 
W, acting vertically downward ; the ten- 
sion P on the string ; and the normal 
reaction of the curve. 



Let 



d= wo A I 

r= OW; 



x = AW; 
y=OA; 



,1 


Y 




A 


\ /■= 




ft-V 




^N\ yr 
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^r 
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X 
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Then, g, „ 

sin 5 = — : cos ^ = -; r' = a?+ v'; 
r r 

r = TF + P cos aOB - W— F cos ; 
X= P cos cba= — P sin 6 ; 

and (59) becomes 

P sin edx + {W- P cos e)dy=0; 
or, 

Wdy = P^^^^=Pdr; 

which integrated gives 

Wy=Pr+ C; {a) 

and this, combined with the equation of the curve, gives the 
required co-ordinates. 

3. Let the given curve be a parabola, in which the origin is 
at the focus. 

The equation of the curve will be as^ = %> (y + \p) ; but it 
is unnecessary to use it, since, by a well-known property of 
the curve, r equals the distance from the focus to the directrix 
= y + p. Substituting this value of r in equation (a), we 
have 

Wy^P{y+j>)+ C. 

To iind C we observe that when the weight TF, Fig. 27, is in 
the horizontal line through the focus, y = .-. C = — Pp ; 
and this value substituted above gives 

Wy = Py; or W=P; 

from which it appears that if W = P, the weights will be in 
equilibrium at all points on the curve. The result holds true 
when the parabola reduces to the particular case of two 
vertical straight lines passing through the focus. 

This problem may also be proved by observing that the 
normal bisects the angle formed by the radius vector and 
diameter passing through any point, and, since the forces along 
the diameter and radius vector are equal, their resultant will 
be perpendicular to the tangent at that point. 
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4. Let the curve be a .circle in whicli tlie distance of from 
the centre is a ; and the equation of the circle is 

{a-yf + ^= I^. 

Ans. r = ^f=. a. 
W 

5. Let the curve be an hyperbola, having the origin of 
coordinates at the centi-e of the hyperbola. 

The equation of the curve will be aV — jy = — «'S', and 
if e is the eccentricity, we have 

_ aW 

6. Eequired the curve such that the weight W may be in 
equilibrium with any weight P at all points of the curve. 

This requires that the relation between y and r (or y and a?) 
in equation («) shall be true for all assumed values of W 
and P. 

In Fig. 27, let OB = a, be the distance of the origin of 
coordinates from the vertex of the curve, then when W is at 
B, we have y =■ r = a, which, in equation {a), gives 

C={W-P)a; 

and from the figure we have 

y = r cos 6 ; 

which values in (a) finally give 

F 



r =^ ^— — ^— a, 

1 ^ a 
1 — -^ cos 

which is the equation of a conic of which the focus is at the 
pole O. 

(Discuss the equation and determine all the species of the conic.) 

7. A particle is placed on the concave surface of a smooth 
sphere and acted upon by gravity, and also by a repulsive 
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force, which varies inversely as the square of the distance from 
the lovirest point of the sphere ; find the position of equilibrium 
of the particle. 

Take the lowest point of the sphere for the origin of coordi- 
nates, y positive upwards, and the equation of the surface 
will be 

Z = a!»-|-2^ + s'- 2^y = 0. 

Let T be the distance of the particle from the lowest point ; 
then 

r' = fJtf + ^ = 2Ry. {by 

Let ft be the measure of the repulsive force at a unit's dis- 
tance ; then the forces will be 

-^ = 5"^-! ^^^ '"^9 = w = the weight of the particle. 

. x = -J^ — Y^J^ 1- ^--t —• 

2Ry T ' lliy' r ' ^iRy' r ' 



which in (56) give, after reduction 

y 



M» 



which in (5) gives, r* = -^ B,. 



w 



To see if these values satisfy equation (57), substitute in it 
the values of X, Y, Z, and the final values of y and r, and 
we find, 

xdx + ydy — Rdy + sds = ; 

which is the differential of equation (5), and hence is true. 
[This is the theory of the Electroscope.'] 

8. A particle on the surface of an elipsoid is attracted by 
forces which vary directly as its distance from the principal 
planes of section ; determine the position of equilibrium. 



[50, 51.] 
Let 
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Z = <!> {x, y, 3,) =^ + ^ + ~ -1= 0, 
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be the equation of the surface ; 

■'• \dx/ a" ' \dyl b^ ' \dBJ~ <? ' 

and let the x, y, and z- components of the forces be respec- 
tively, 

X=—fi^x, Y^—iL-^y, Z=—(i^; 
and (56) will give, 

which simply establishes a relation between the constants ; and 
hence when this relation exists the particle may be at rest at 
any point on the surface. 

The result may be put in the form, 



Ml 






/^i + /^a + /^ 
a-2 + h-^ + (T^ 



MOMENTS OP FOEOES. 

50. Dee. The moment of a force in reference to a jpoint 
is the prodxict arising from multiplying the force by the 
perpendicular distance of the action-line of the force from 
the point. 

Thus, in Fig. 28, if 6* is the point 
from which the perpendicular is 
drawn, F the force, and Oa the 
perpendicular, then the moment of 
i^'is 

FOa = Ff; 

in which y is the perpendicular Oa. 




rio. 28. 



51. Natuee of a moment. The moment of a force 
measures the turning or twisting effect of a force. Thus, in 
Fig. 28, if the particle upon which the force F acts is at A, 
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and if we conceive that the point is rigidly connected to 
A, the force will tend to move the particle about 6>, and it 
is evident tliat this effect varies directly as F. If the action- 
line of F passed through it would have no tendency to 
move the particle about that point, and the greater its dis- 
tance from that point the greater will be its effect, and it will 
vary directly as that distance ; hence, the measure of the effect 
of a moment varies as the product of the force and. perpendi- 
cular / or as 

cFf; 
where c is a constant. But as c may be chosen arbitrarily, we 
make it equal to unity, and have simply Ff as given above. 

52. Def. The point from which the perpendiculars are 
drawn is chosen arbitrarily, and is called the origin of mo- 
ments. When the sj-stem is referred to rectangular coordinates, 
the origin of moments may, or may not, coincide with the 
origin of coordinates. The solution of many problems is 
simplified by taking the origin of moments at a particular 
point. 

53. The levek aem, or, simply, the arm,, of a force is the 
perpendicular from the origin of moments to tlie action-line 
of the force. Thus, in Fig. 29, Oa is the arm of the force F^ ; 
Oc that of the force F^ , etc. Generally, the arm is the per- 
pendicular distance of the action-line from the axis about 
which the system is supposed to turn. 

54. The sign of a moment is considered positive if it 
tends to turn the system in a direction opposite to that of 
the hands of a watch ; and negative, if in the opposite direc- 
tion. This is arbitrary, and the opposite directions may be 
chosen with equal propriety ; but this agrees with the direction 
in which the angle is computed in pilane trigonometry. Gen- 
erally we shall consider those moments as positive which 
tend to turn the system in the direction indicated by the nat- 
ural order of the letters, that is, positive from + a; to -{- y / 
from + y to + z ; and from -f- 3 to + x; and negative in the 
reverse direction. 

The value of a moment may be represented by a straiglit 
line drawn from the origin and along the line about which 
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rotation tends to take place, in one direction fir a ^positive 
value, and in the opposite direction for a negative one. 

55. The composition and resolution of moments may 
be effected in substantially the same manner as for forces. 
They may be added, or subtracted", or compounded, so that a 
resultant moment shall produce the same effect as any num- 
ber of single moments. The general proof of tliis- proposi- 
tion is given in the next Chapter. 

56. ^ moment axis ie a line passing through the origin of 
moments and pei*pendicular to the plane of the force and 
arm. 

57. The moment of a fokoe in eefeeencb to' an axis 
is the product of the firce into the perpendicular distance of 
the force from the axis. 

If, in Fig. 29, a line is drawn through O perpendicular tO' 
the plane of the force and arm, it w^ill be a moment axis, an^ 
the turning effect oE j?'^ upon that axis will be the sarnie wher- 
ever applied, providing that its arm Oa remains constant.. 

If the force is not perpendicular tO' the' arbitrarily chosen 
a:xis, it may be resolved into two forces, one of which will be 
perpendicular (but need not intersect it)' and the other parallel 
to the axis. The' moment of the former component will be 
the same as that given above, but the latter will have no mo- 
ment in reference to that axis although it may have a moment 
in reference to another axis perpendicular to the former. 

58. The moment of a foeoe. in befeeence to a plane 
to which it is paeali.el. is the product of the force into the 
distance of its action-line from the plane. 

59. If any nuiniber of concurring forces are in equilibrium, 
the algebraic sum of their moments will be 0. 

Let i^ , i^, i^ , etc.. Fig. 29, be the 
forces acting upon a particle at A ; 
and the assumed origin of moments. 
Join and A, and let fall the per- 
pendiculars Oa, Oh, Oc, etc., upon the 
action-lines of the respective forces, 
and let 

Oa =/t ; Ob -f^ ; Oc =f ; etc. 
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Eesolve the forces perpendicularly to the line OA ; and 
since they are in equilibrium, the algebraic sum of these com- 
ponents will be zero ; hence, 

Fx sin OAF^ -^F^ sin OAF^ + F^ sin OAF^ + etc. = ; 

-,0a ^ Ob ^ Oe , „ 
or,i^^ + i^^+i^s^ + etc. = 0. 

Multiply by OA, and we have 

F^Oa + F^Ol + F^dc + etc. = ; 
or, i^/i + F,f, + iij/s + etc. = 2F.f^ 0. (60) 
It is evident that any one of these moments may be taken as 
the resultant of all the others. 

MOMENTS OF CONCUEEmG FOEOES WHEN THE SYSTEM IS EEFEKEED 
TO EEOTANGULAE AXES. 

y 

V 

60. Let A, Fig. 30, be the 
point of application of the forces 
Fi,, Fi, Fi, etc., and the ori- 
gin of coordinates, and also the 
origin of moments. Let x, y, 
and 3 be the coordinates of the 
point A. Resolving the forces 
parallel to the coordinate axes, 
we have, from equation (50), 
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X = 2 Fcos a ; 
T=2F(io&^; 
Z=2FGoay. 

The X-forces prolonged will meet the j?Z(zne of yz'\nB\ and 
will tend to turn the system about the axis of y, in reference 
to which it has the arm^C'^s; and also about a, in refer- 
ence to which it has the arm BD = y. Hence, employing 
the notation already established, we have for the moment of 
the sum of the components parallel to a?. 



— Xy, and -f- Xz. 
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Similarly for the y-oomponents we find the moments, 
+ Yx, and — Ys ; 
and for the s-convponents, 

— Zx, and + Zy. 

The moment Xy tends to turn the system one way about the 
axis of s, and Yx tends to turn it about the same axis, but in 
the opposite direction ; and hence, the combined eifect of the 
two will be their algebraic sum ; or 

Yx - Xy. 

But since there is equilibrium the sum will be zero. Com- 
bining the others in the same manner, we have, for the 
Tnoments of concurring forces, the following equations : 

In reference to the axis oix . . . . Zy — Yz = Q; 

" " " " " " y . . . . Xa - Za; = ; l (61) 

" " " " " " s . . . . F* - Xy= 0. 

The third equation may be found by eliminating s from the 
other two ; hence, when X, Y, and Z are known, they are the 
equations of a straight line ; and are the equations of the 
resultant. 

If the origin of moments be at some other point, whose 
coordinates are x', y\ and s' ; and the coordinates of the point 
A in reference to the origin of moments be «i, 3/1, and %; 
then will the lever arras be 

Xi = x — x' ; y\ = y — y' ; and % == s — s'. 

When the system is referred to 
rectangular coordinates the arm of 
the force is, 

y cos a — X cos /8, 

in which y and x are tlie coordinates 

of any point of the action-line of 

the force ; and a is the angle which 

the action-line makes with the axis of x, and /3 the angle which 

it makes with y. 




Flo. 31. 
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In Fig. 31, let AF be the action-line of the force F, O 
the origin of coordinates, A any point in the line AF, ai 
which the coordinates x = Oh, and y — Ah. Draw Oa and he 
perpendicular to AF, and Od from parallel to AF. The 
origin of moments being at 0, Oa will be the arm of the 
force. 
We have 

dOh — a = chA, 
cAh = ^- Obd, 
ch=-y cos a, 
dh=^x cos /8 ; 
.-. aO 1= ch — db= y cos a — x cos p. (^1«) 

If there are three coordinate axes, this will be the arm in 
reference to the axis of s ; and if there be many forces, the 
sum of their moments in reference to that axis, will be 
2F{y cos a — a; cos /3). 

Examples. 

1. A weight W is attached to a string, which is 
secured at A, Fig. 32, and is pushed from a 
vertical by a strut CB ; required the pressure 
FonBG wlien the angle CAB is d. 

The forces which concur at B are the weight 
W, the pressure F, and the tension of the string 
AB. Take the origin of moments at A, and 
we have 

W.BG + F.AC+ tension x = ; 




Fio. 32. 



.F= 



. BO 

AC'' 



W tan e. 




2. A brace, AB, rests against a vertical 
wall and upon a horizontal plane, and 
supports a weight W at its upper end ; 
required the compression upon the brace 
and the thrust at A when the angle CAB 
w0. 



Fio. sa 
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Tlic concurring forces at A, are W, acting vertically down- 
ward, the reaction of the wall JV acting horizontally, and the 
reaction of the brace IK 

Take the origin of moments at £, we have 
- Iir.DB + W.OB +F.0 = 0; 
.-.JV^Wtand. 
Taking the origin of moments at J), we have 

W. AD-F. DB sin <9 + iV; = ; 
.•.F= TFsec6'. 

3. A rod whose length \& BG—l is secured at a point B, in 
a horizontal plane, and the end C is held up by a cord A 
so that the angle ^^C is d, and the distance AB = a ; required 
the tension on AC and compression on BG, due to a weight 
W applied at C. 

Ans. Tension = — TF cot 0. 
a 

4. A cord whose length AC = lis secured at two points in a 
horizontal line, and a weight W is suspended from it at B y 
required the tension ou each part of the cord. 



CHAPTEK III. 



PAEAIXEL FOKOES. 




Fig. 34. 



61. Bodies are extended masses, and forces may be applied 
at any or all of their points, and act in all conceivable direc- 
tions, as in Fig. 34. 



62. SUiPPOSE THAT THE ACTION- 
LINES OF ALL THE FOECES ARE PARAL- 
LEL TO EACH OTHEB. This is a spe- 
cial case of concurrent forces, in 
which the point of meeting of 
the action-lines is at an infinite 
distance. In Fig. 35, let the points 
a, b, G, etc., which are on the action- 
lines of the forces and within the 
body, be the points of applica- 
tion of the forces, and the point 
where they would meet if pro- 
longed. If the point O recedes 
from the body, while the points 
of application a, h, c, etc. remain 
fixed, the action-lines of the forces 
will approach parallelism with 
each other, and at the limit will 
be parallel. 



63. Resultant of parallel forces. The forces being par- 
allel, the angles which they make with the respective axes, 
including those of the resultant, will be equal to each other. 
Hence, 
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a= Oi — a^ =03, etc. = a ; 
J = /3i = A-=i8s,etc. = /8; 
c = 7i = 72 = 7s , etc. = 7 ; 
and these, in equations (.50) and (51), give 
X= B(iOsa = {Fi + E,+ Fi + etc.) cos a = ; 
Y^RcoaP = {F. + F^ + F^ + etc.) cos ^S = ; - (62) 
Z = E cos, r/ = {F^ Jf F2 + F^ + etc.) cos 7 = 0, 
From either of these, we have 

B^F^ + F^ + F3+ etc. = XF. (63) 

Hence, the resultant of parallel forces equals the algebra/io 
sum of the forces. 

From (62), we have 

B =VX^+ Y^+Z% 
which is the same as (52). 

MOMENTS OF PABAXLEL FOECES. 

64. Let Fi, F2, F3, etc., be the forces, and a^, y^, s^ ; os^, y^, 
02, etc., be the coordinates of the points of application of the 
forces respectively (which, as before stated, may be at any 
point on their action-lines). Then the moments of F^ will be, 
according to (61), 

in reference to the axis of x, Fx, cos 7 . y^— F^ cos fi .Si= ;. 

" " " " « " y,i^,cosa.%-i^cos7.a!i=0; 

" " " " " " 2, i^,cos^.(Bi-i^cosa.yi=:0; 

and similarly for all the other forces. Hence, the sum of the 
moments in reference to the respective axes will be ; 

(i^2/i + ^2 + i^3 + etc.) cos 7 j 
-(^1% + F^ + F^ + etc.) cos ^ i 

(7^2i + i^2 + i'^ + etc.) cos a ) _ 
—{F^^ + F^ + i^«3 + etc.) cos 7 ) ' 



;h»^ 



{F^x^ + i^ + ife + etc.) cos /Si _ 
-(i^^i + i^yj + i^sj/s + etc.) cos 



^1^ 
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THREE PAEAIiLEL FORCES. 



[65.] 



Since meither a, y3, nor 7 is necessarily equal to zero, and ai's 
independent of their coefficients, the latter will equal zero. 
Hence, weiiave 



Fv^ + F^ + F^ + etc. = SFx = ; 
F,y^ + F^i + F^s + etc. = XFy=0; 
F^si + F^ + F~^ + etc. = "ZFz — 0. 



(64) 



Any one of the forces which hold the system in equilibrinm 
may be considered as directly opposed to the resultant of all 
the others. 

Let ai, y, and "i be the coordinates of the point of application 
of the resultant. Then (64) gives 



Rx=%Fx; Ey = XFy; m = XFz 



(65) 



in which, if we substitute the value of S, equation (63), we 
find 



y = 



XFx 
SF' 

SFy 
SF' 

SFs 
SF 



(66) 



which, being independent of tlie angles a, )3, and 7, it follows 
that the point of ajyplication of the resultant is not changed by 
changing the directions of the action-line^ of the forces. This 
point is also called the centre of parallel forces. 



SYSTEM OF THEEE FOECES. 



65. If the SYSTEM CONSISTS OF THKEE FOECES ONLY, and are 
in the plane xy, we have 



B=F^±.F^; 

_ FyX,±F^^ F^yt±F^^ 



(67) 







f' 


f 






^ 




i. 


c 


X 
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1st. Consider the positive signs. 
The resultant will equal the arith- 
metical sum of the forces. Take 
the origin at a Fig. 36, where the 
resultant cuts the axis of x; then 
X = 0, and the second of (66) gives 

and hence, if i^ > i^, a^ will exceed 
tCi ; that is, the resultant is nearer the 
greater force. 

2d. Consider the negative signs. 

In this case the resultant equals the 
difference of the forces. Take the origin 
at a, Fig. 37, and we have 

and hence both forces are. either at tho 
right or left of the resultant. 

3d. Let Fi= Ei — F, and one of the forces be negative, then 
B = F-F^Q; x= p^^^ = x ; and y = oo ; ■ (68) 

that is, the resultant is zero, while the forces may have a finite 
moment equal to Fix^ ± x^. Such systems are called 



R 



Pio. 37. 



STA.TIOAL COUPLES. 

66. -4 couple consists of two equal parallel forces acting »n 
opposite directions at a finite distance from each other. 

A statical couple cannot be equilibriated by a single force. 
It does not produce translation, but simply rotation. A c»uple 
can he equilibriated only by. an equivalent couple. 

Equivalent couples are such as have equal moments. 

The resultant of several couples is a single couple which 
vill produce the same effect as the component couples. 
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AXIS or A COUPLE. 



[67-68.] 



67- The arm of a cowple is ' the j>erjpendicula/r distance 
between the action-Unes of the forces. 
Thus, in Fig. 38, let O be the origin 
of coordinates, and the axis of x per- 
pendicular to the action-line of J^; 
— X then will the moment of one force be 
X, FoRy, and of the other Fx^, and hence 

the resultant moment will he 



Fis. 38. 



F{xy-x^ = F.ab; 



(69) 



hence, ah is the arm. If the origin of coordinates were 
between the forces the moments would \>e F{xx + x^ = Fab 
as before. If the origin be at a we have FO + Fab — Fab as 
before. 

68. The axis of a statical couple is any line perpen- 
dicular to the plane of the couple. The length of the axis 
may be made proportional to the moment of the couple, and 
placed on one side of the plane when the moment is positive, 
and on the opposite side when it is negative ; and thus com- 
pletely represent the couple in magnitude and direction. 

If couples are in parallel planes, their axes may be so taken 
that they will conspire, and hence the resultant couple equals 
the algebraic sum of all the couples. 

If the planes of the couples intersect, their axes may 
intersect. 

Let = F.db = the moment of one couple ; 

6*1= F-^hhi = the moment of another couple; 
= the angle between their axes ; and 
Os — the resultant of the two couples ; 
then 



and this resultant may be combined with another and so on 
until the final resultant is obtained. 



Examples. 

1. Three forces represented in magnitude, direction and 
position, by the sides of a triangle, produce a couple. 



I.] 
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Fig. 39. 



2. In the eleventh example, page 25, show that there is a 
couple whose moment equals the tension of the string multi- 
plied by the radius of the wheel. 

3. On a straight rod are suspended several weights ; J*l — 

5 lbs., i^ = 15 lbs., jFI = 7 lbs., 
i^ = 6 lbs., 11 = 9 lbs., at dis 
tances AjS = 3 ft., £D = 6 ft., 
DE= 5 ft., and EF = ^ ft. ; 
required the distance ^C at 
which a fulcrum must be placed 
so that the weights will balance 
on it ; also required the pressure upon it. 

4. The whole length of the beam of a false balance is 2 feet 

6 inthes. A body placed in one scale balances 6 lbs. in the 
othei-, but when placed in the other scale it balances 8 lbs. ; 
required the true weight of the body, and the lengths of the 
arras of the balance. 

5. A triangle in the horizontal plane aj, y has weights at the 
sjveial angles which are proportional respectively to the 
opposite sides of the triangle ; required the coordinates of the 
centre of the forces. 

Let a?! , yi be the coordinates of A, 

X, y of the point of application of the resultant ; 
then we have 

(a + 5 + c) S = axi + Sa^ + gx^ ; and 
[a+h + c)y =ayi + hy^ + cy^. 

6. If weights in the proportion of 1, 2, 3, 4, 5, 6, Y and 8 are 
suspended from the respective Fa 
angles of a parallelopiped ; re- 
quired the point of application F, 
of the resultant. 

7. Several couples in a plane, 
whose forces are parallel, are 
applied to a rigid right line, as 
in Fig. 40 ; required the re- 
sultant couple. Pjg Jg^ 



F, 



Fy 
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[69.] 




8. Several couples in a 
plane, whose respective 
arms are not parallel, as 
in Fig. 41, act upon a rigid 
right line ; required the 
resultant couple. 



CENTRE OF GEAVITT OF BODIES. 

69. The action-lines of the force of gravity are normal to 
the surface of the earth, but, for those bodies which we shall 
here consider, their convergence will be so small, that we 
may consider them as parallel. We may also consider the 
force as the same at all- points of the body. 

The centre of gravity of a hody is the point of application 
of the resultant of the force of gravity as it acts upon every 
particle of the body. It is the centre of parallel forces. K 
this point be supported the body will be supported, and if the 
body be turned about this point it will remain constantly in 
the centre of the parallel forces. 

Let M = the mass of a body ; 

m = the mass of an infinitesimal element ; 

V = the volume of the body ; 

Z> — the density at the point whose coordinates are 

X, y, and s ; 
Ji — W = the resultant of gravity, which is the weight ; 

and 
X, y, and i be the coordinates of the centre of gravity. 

We have, according to equations (63) and (20), 

and (65) becomes ' ^ 

X Sgjn = Sgmx ; or JUx = Smx ; 
y Xgm — "Zgmy ; or My = Smy : 
z Sgm, = Sgmz ; or Ms = Sms. 

If the density is a continuous function of the coordinates of 
the body we may integrate the preceding expressions. The 



'! 



(70) 



OF BODIES. 
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complete solution will sometimes require two or three integra- 
tions, depending upon the character of the problem ; but, using 
only one integral sign, (21) and (70) become 



'^/DdV=fBxdV; 
y/DdV=fDxdV; 
'^/DdV^fDxdV. 



(71) 



If the origin of coordinates, be at the centre of gravity, 
then 



85 = 0; y =.0 •, z — 0; 
and hence, 

Xmx =fDxdV^(i; 
and similarly for the other values. 
If D be constant, this becomes 

f,','xdV- 0; 



(ria) 



(715) 



the limits of integration including the whole body. 

If the mass is homogeneous, the density is uniform, and D 
being cancelled in the preceding equations, we have 



- fxdV 

■^ Y~ ' 

y — y 1 

fsdV 



3 = - 



V 



(72) 



Many solutions may be simplified by observing the following 
principles : 

1. If the hody has an axis of symmetry the centre of gravity 
will he on that axis. 
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2. If the hodyhas aj>lane of symmetry the centre of gravity 
will he in that plane. 

3. If the hody has two or more axes of symmetry the centre 
of gravity will be at their intersection. 

Hence, the centre of gravity of a physical straight line of 
uniform density will be at the middle of its lengtJi ; that of 
the circumference of a circle at the centre of the circle ; that 
of the circumference of an ellipse at the centre of the ellipse ; 
of the area of a circle, of the area of an ellipse, of a regular 
polygon, at the geometrical centre of the figures. Similarly 
the centre of gi-avity of a triangle will be in the line joining 
the vertex with the centre of gravity of the base ; of a pyramid 
or cone in the line joining the apex with the centre of gravity 
of the base. 

There is a certain inconsistency in speaking of the centre of 
gravity of geometrical lines, surfaces, and volumes ; and when 
they are used, it should be understood that a line is a. physical 
or material line whose section may be infinitesimal ; a surface 
is a materi<d section, or thin plate, or thin shell ; and a volume 
is a mass, however attenuated it may be. 

When a body has an axis of sj'mmetry, the axis of x may be 
made to coincide with it, and only the first of the preceding 
equations will be necessary. If it has a plane of symmetry, 
the plane x y may be made to coincide with it, and only the 
first and second will be necessary. 

70, Centre of gravity of material lines. 

Let h = the transverse section of the line, and 
ds = an element of the length, 
then 

dV = Ms; 

and (71) becomes 

xfmds = fDhxds; 

yfDUs =fDhyds; - (73) 

~^fDMs = fDTczda. 



[70.] 
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If the transverse section and the density are uniform, we 
have 



X = 



^fxds _ 



o 

- _ y^* 



(74) 



The centre of gravity will sometimes be outside of the line 
or body, and hence, if it is to be supported at that point, we 
must conceive it to be rigidly connected with the body by 
lines which are without weight. 

Examples. 

1. Find the centre of gravity of a straight fine wire of uni- 
form section in which the density varies directly as the distance 
from one end. 

Let the axis of x coincide with the line, and the origin be 
taken at the end where the density is zero. Let B be the density 
at the point where x— 1; then for any other point it will be 
J) = Sx; and substituting in the first of (73), also making 
ds — dx,we have 



7^/ Badx — I I 
~^0 ^0 



Ba?dx; 



x=fa. 



This corresponds with the distance of the centre of gravity 
of a triangle from the vertex. 




< 



n 



Fio. 42. 'Fia. 43. 

2. Find the centre of gravity of a cone or pyramid, whether 
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right or oblique, and whether the base be regular or irre- 
gular. 

Draw a line from the apex to the centre of gravity of the 
base, and conceive that all sections parallel to the base are re- 
duced to this central line. The problem is then reduced to 
finding the centre of gravity of a physical line in which the 
density increases as the square of the distance from one end. 

Ans. X — ia. 

3. To find the centre of gravity of a 
circular arc. 

Let the axis of x pass through the 
centre of the arc, B, and the centre 
of the circle 0; then F= 0. Take 
the origin at B ; 

and let x = BD, 

y = BC, 




2s = the arc ABC, and 
r = OO = the radius of the circle ; 



then, 



jr* = ^rx — 3?. 

Differentiate, and we have 

ydy = rdx — xdx ; 

dy dx , . , ds 
= — which = — : 



r—x y r ' 

hence, the first of (74) gives 

^ jy xdx 

Jo 



0V2rx~x' r r ^. -. , ly ry 

X — = — I — V 2rx — ar + « I = r ^ : 



8 



which is the distance Be. Then cO — r — (r — — ^= ^j 

V 8 / s 

hence, the distance of the centre of gravity of an arc from the 
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centre of the circle is a fourth proportional to the arc, the 
radius, and the chord of the arc. 

71. Centre of gravity of plane surfaces. 

. Let the coordinate plane any coincide with the surface ; then 
dV= dxdy; .: V = ffdxdy = fydx or fxdy; and (71) be-' 
conies 

xffD dxdy ^ffD xdoady ; 



yffDdxdy=ffI>ydxdy. \ ^^^^ 

The integrals are definite, including the whole area. The 
order of integration is immaterial, but after the first integra- 
tion the limits must be determined from the conditions of the 
problem. If Z) is constant and the integral is made in respect 
to y, we have 

■ _ fyxdx 



fydx'' 
_ \ffdx 

y = 



\ (^6) 



fydx ' 

and if x be an axis of symmetry, the first of these equations 
will be sufficient. 

If the surface is referred to polar coordinates, then <Z F = 
pdpdO, and a; = p cos 0,y — p sin 6, and (71) becomes 
__ ffDp\o%edpde 
"' - ffUpdpdB 



^ _ ffD^^nMpd^ 
y - ffDpdpde 



(77) 



Examples. 
1. Find the centre of gravity of a semi-parabola whose 
equation is ^ = 'ipx. 
Equations (76) become 

^^ dx 



fj^P' 



i y . 2pxdx 



y = 

7 



1^ 
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2. Find the centre of gravity of a quadrant of a circle in 
which the density increases directly as the distance from the 
centre. 

Let S = the density at a unit's distance from the centre ; 
then 

D = Sp at a distance p ; 

and (77) becomes 






p^co&Odpdd 



1 ^ - 



72, Gmtre of gravity of curved surfaces. 

We have for an element of the area 
dY^^ dandy x sec. of the angle between the tamgent plame and 
the- coordinate plane xy J or, 

d V=sec. Oxdx dy ; 
(Or, in terms of partial differential coefficients 



■=// 



J (dZ\^ /^V 1&? 
'^ \dx} ^ Uy/ + \ ds) ., , 

jm ^^2^' 



and, for a homogeneous surface, (72) becomes 

_ ffxdV, 1 

X- y-~, 

y — 7" ' 

or, the surface may be referred to polar coordinates. 



(T8) 
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If the surface is OTie of revolution, let x coincide with the 
axis of revolution, then 

xfiryds =firyxds. (78a) 

Example. 

Find the centre of gravity of one-eighth of the surface of a 
sphere contained within three principal planes. 
Let the equation of the sphere be 

then 

dL ^ dL ^ dL ^ 

<^ ^ dy ^' ds ' 

and the first of (78) becomes 

jj 9„ 



23 



2 np X dx dy 



dx dy 



vRJJ \/E'-y'-a? 



--^f^^^-^--u. = o 



X = Vli^-f 



^ fVil^'-lhdy 

E 



ttR 



Similarly, y = ^B = i. 

This problem may be easily solved by the aid of elementary geometry, 
Conceive that the surface is divided into an indefinite number of small zones 
by equidistant planes which are perpendicular to the axis of x, in which case 
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[73.] 



the area of the zones will be equal to each other. Conceive that these zones 
are reduced to the axis of as ; they will then be uniformly distributed along 
that axis, and hence the centre of gravity will be iB from the centre ; and as 
the surface is symmetrical in respect to each of the three axes, we get the 
same result in respect to each. 

73. Centre of gravity ofvoluTnes, or heavy bodies. 
We have 

dV = dxdyds; 
.: xfffD dxdyd3r=fff Dx dx dy dz ; (79) 

and similarly for y and i. 

If X is an axis of symmetry, (79) is sufficient. 

If the surface is referred to polar coordinates, let 



^ = AOx, 
e = dOA, 
/>= Og, 



then, 

gd = dp, 

gf^pdd, 

gh — p COS 6d<f), 

and, 

dr= p^dpooseddd<}>, ^ 

also, 




Fig. 45. 



a? = /3 COS 6 COS (f); y = p sin 6 ; and z = p cos 6 sin <f). 
Hence, for a homogeneous body, we have 

Vx — fff^ coi Ocos^d pddd(f>;^ 

Vy =,Jf/' p'' cose sin ddpded<}} ;[ (80) 

ys = f/f p"" cos" e si/nj>d pde d i. J 

If the volume be one of revolution about the axis of x, wo 
have 
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dV=f',rfdx; I 

Vx = Trfy' xdx. ] ^ ^ 

Example. 

Find the centre of gravity of one-eighth of the volume of a 
homogeneous ellipsoid, contained within the three jprincipal 
planes. 

Let the equation of the ellipsoid be , ' , 

a?^ y^ s^ ' 

-2 + 32 + ;y-l-0; 

then, equation (79) gives, 

X I I / dxdydz— I I xdxdydz. 

Jo Jo Jo Jq Jo Jo 

Performing the integration, we have 

\-irabc ^ = tV ira^bCy 
.". !« = •§• a. 
Similarly, y — -fj, and z = %o. 

Performing the above integration in the order of the letters x, y and e, 
and using the limits in the reverse order as indicated, we have for the 
Xrli/mUa. 

a; = 0, and as = a|/l _ ^_!^ ~x, 

and the limits for y will be those which correspond to these values of x, or 

toix = 0,y = by 1-^T= ^; and for a = flsw l-ff-^. y = 0. 
For the Jir«{ member of the equation, we have 

I ¥ ■' ■'■ 

Consider t / 1 — -j- = S, a constant in reference to the y-integration, 

and we'have 
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b , 



For the seamd member, we have 

-tX 



Consider z as constant in performing the y-integration, and we have 

- -^va''be 

.: x= ^ i— = |a: 

^irabe ' 

as given above. 

74. When the centre of gravity of a body is known and the 
centre of gravity of a part is also known, the centre of the 
remaining part may be found as follows : — 

Let W= the weight of the whole body ; 

X = the distance from the origin to the centre of gravity 
of the body ; 
Wi = the weight of one part ; 
a?! = the distance of the centre of w^ fi-om the same 

origin ; 
Wi = the weight of the other part ; and 
a^ = the distance of the centre of w^ from the same 
origin ; 
then 

WiODi + w^ = (wi + w~^x= Wx; 
and hence, 

Wx — WiX, 



(75.] 



THEOEBMS OF PAPPUS. 
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If the body is homogeneous, the volumes may be substituted 
for the weight. 

Example. 

Let ABC be a cone in which the line 
BE joins the vertex and the centre of 
gravity of the base; and the cone ADC, 
having its apex Z>, on the line GE, and 
the same base AB be taken from the for- 
mer cone, required the centre of gravity 
of the remaining part, ADCB. 

Let F = the volume of A CB, fm. ^ 

a = BE, 
oi - DE, 
X = Ea — ^a = the distance of the centre of ABC 

from E, 
Xi= Eb = ^ai— the distance of the centre of ABC 
from E) 




then, 



a," 



-3- F = the volume of A CD, 
and (82) becomes 



r.ia- F^.K 



Xt = 



V- 



V ^ 
a? 



a* — a^ 
c^ — af 



Centeobaeio Method, oe 

75. Theoeems of Pappus oe of GiiLDnirus. 

Multiply both members of the second of (74) by 2w, and it 
may be reduced to 

^irys - ^fyds, (83) 

the second member of which is the area generated by the revo- 
lution of a line whose length is s about the axis of x, and the 
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first member is, the circumference described by the centre of 
gravity of the lines, multiplied by the length of the line;. hence, 
the area generated hy the revolution of a line about a fixed 
axis equals the length of the Une multiplied ly the d/rcumfer- 
ence described by the centre of gravity of the line. 

This is one of the theorems, and the following is the other. 

From the second of (76), we find 

%Tfy A=firfdAe. (81) 

The right-hand member, integrated between the proper 
limits, is the volume generated by the revolution of a plane 
area about the axis of x. The plane area must lie wholly on 
one side of the axis. In the first member of the equation, A 
is the area of the plane curve, and 27r y is the circumference 
described by its centre of gravity. Hence, the volume gener- 
ated by the revolution of a plane curve which lies wholly on 
one side of the axis, equals the area of the curve multiplied by 
the circumference described by its centre ofgramty. 

i 
Examples. 

1. Eind the surface of a ring generated by the revolution of 
a circle, whose radius is r, about an axis whose distance from 
the centre is c. 

Ans. 4fn^rc. 

2. The surface of a sphere is 47r/^, and the length of a 
semicircumf erence is tt r- ; required the ordinate to tlie centre 
of gravity of the arc of a semicircle. 

3. Required the volume generated by an ellipse, whose semi- 
axes are a and b, about an axis of revolution whose distance 
from the centre is c ; c being greater than a or b. 

(Observe that the volume will be the same for all positions 
of the axes a and b in reference to the axis of revolution.) 

4. The volume of a sphere is ^ i^, and the area of a semi- 
circle is -Jir 7^ ; show that the ordinate to the centre of gravity 

— 47" 

of the semicircle \%y — -^. 
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76. Additional Examples. 

1. Find the centre of gravity of the quadrant of the ciroumferenoe of a 
circle contained between the axes a and y, the origin being at the centre. 

2r 
Ans. X = — =y. 
v 

2. Find the distance of the centre of gravity of the arc of a cycloid from the 
vertex, r being the radims of the generating circle. 

Ans. y = ^. 

3. Find the centre of gravity of one-half of the loop of a lemiaiscate, of 
which the equation is r' = 2a cos 39, I being the length of tte half loop. 

«2 _ a» Vg _ 1 

AtIS. X = rr; V — -i ^— . 

4. Find the centre of gravity of the helix whose equations are 

a = a cos (f>,y = a sin f, z = na cji, 
the helix starting on the axis of x. 

A ~ y - a — X ^-, 
Ana. X = na - ; y =ina ; and z = -Jz. 

5. Find the centre of gravity of the perimeter of a triangle in space. 

6. If Xi, and y^ are initial points of a curve, find the curve such that 
tnx = X — Xo, and ny = y — y^. 

7. A curve of given length joins two fixed points ; required its form so that 
its centre of gravity shall be the lowest possible. 

(This may be solved by the Calculus of Variations). 

Ans, A Catenary. 

8. Find the centre of gravity of a trapezoid. 

Let ADEB be the trapezoid, in which BE and /, 

AB are the parallel sides. Produce AB and BE / I '\ 

until they meet in U, and join O with E, the mid- 
dle point of the base ; then the centre of gravity will 
be at some point ff on this line. The centre of the 
triangle A CB will be on C'E, and at a distance of 
iCF from E; and similarly that of BGE will be _^^ 
on the same line, and at a distance of J-CC? from 
O ; then, by (79) we may find Eg. 

Ans.Eg = iFG-^^^^j^. 

(If BE is zero, we have Eg — iEO for the centre of gravity of the triangle 
ABC.) 

9. Find the centre of gravity of the quadrant of an ellipse, whose equation 

is aY + b'!!^ - a'V. 

, - a - . b 
Am. x = i — \ y = i—' 
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10. Find the centre of gravity of the oircular 
sector ABC. 

Let the angle AOB = B; then 

_ „ r sine 
x=Cg = i — -—■ 

9 

11. Find the centre of gravity of a part of a 
circular annnlus ABED. 

Let AC = r, DG = r^, xdA ACB = e; then 
Bin 9 r^ + jTi + ri' 



Ans. Cgi = f 



r+Ti 



13. Find the centre of gravity of the circular spandril FOB. 

13. Find the centre of gravity of a circular segment. 

Am. Bist. frm C = ^^ area of segmmf 

14. Find the distance of the centre of gravity of a complete cycloid from 
its vertex, r being the radius of the generating circle. 

Ang. y = \t. 

15. Find the centre of gravity of the parabolic 
spandril OCB, Fig. 49, in which OC = y, and CB 

= x. _ 

Ans. x = -?aX\ 

~y = ly- 

16. Find the centre of gravity of a loop of the 
leminisoate, whose equation is r' = a' cos 39. 




FlQ. 49. 



17. Find the centre of gravity of a hemispherical surface. 



3t 



Ans. a = ir. 



18. Find the centre of gravity of the surface generated by the revolution of 
a semi-cycloid about its base, a being the radius of the generating circle and x 
the distance from the centre. 

Ans. X = \ia. 

19. The centre of gravity of the volume of a paraboloid of revolution is 

x = lx. 

30. The centre of gravity of one half of an eUipsoid of revolution, of which 
the equation is ffiV + ^^^^ = «'*°i is 

x=ia. 



31. The centre of gravity of a rectangular wedge is 



a — }o. 
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33. The centre of gravity of a semioiroular cylindrical wedge, whose radius 
is r, is 





FiQ. 50. PiQ. 61. 

33. The vertex of a right circular cone is in the surface of a sphere, the 
axis of the cone passing through the centre of the sphere, the base of the cone 
being a portion of the surface of the sphere. If 38 be the vertical angle of the 
cone, required the distance of the centre of gravity from the apex. 

. 1 — cos'e 

Ana. r. 

1 — cos* e 

34 Find the distance from G, Fig. 48, to the centre of gravity of a spheri- 
cal sector generated by the revolution of a circular sector GGA, about the 
axis 6C. 

Am. i{GG+ GH). 

35. A circular hole with a radius r is cut from a circular disc whose radius 
is B ; required the centre of gravity of the remaining part, when the hole is 
tangent to the circumference of the disc. 

36. Find the centre of gravity of the frustum of a pyramid or cone. 

It win be in the line which joins the centre of gravity of the upper and 
lower bases. Let h be the length of this line, and a and b be corresponding 
lines in the lower and upper bases respectively, required the distance, measured 
on the line A, of the centre from the lower end. 

a« + 3aJ + 34« 



Ans. x=ift- 



a« + aJ + b^ 



If J = 0, we have the distance of the centre of a pyramid or cone from the 
base equal to ih. 

37. Find the centre of gravity of the octant of a sphere in which the 
density varies directly as the rath power of the distance from the centre, r 
being the radius of the sphere. 

- n + 3r 

Ana. X = pr =y = ^- 

n + % " 

38. Find the centre of gravity of a paraboloid of revolution of uniform 
density whose axis is a. _ 

Arm. a — Ja. 
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SOME GENEEAL PROPERTIES OF THE OENTEB OF GRAVITY. 

77. When a hody is at rest on a surface, a vertical through 
the centre of gravity wlUfaU within the oujpport. 

For, if it passes without the support, the reaction of the snr- 
faco upward and of the weight downward form a statical 
couple, and rotation will result. 

78. When, a hody is suspended at a point, and is at rest, 
the centre of gravity will be vertically under the point of sus- 
pension. 

The proof is similar to the preceding. When the preceding 
conditions are fulfilled the body is in equilibrium. 

79. A body is in a condition of stable equilibrium when, if 
. its. position be slightly disturbed, it tends to return to its former 

position when the disturbing force is removed ; of unstable 
equilibrium if it tends to depart further from its position of 
rest when the disturbing force is removed ; and of indifferent 
equilibrium if it remains at rest when the disturbing force is 
removed. 

Example. 

A paraboloid of revolution rests on a hori- 
zontal plane ; required the inclination of its 
axis. 

Let P be the point of contact o'f the para- 
boloid and plane, then will the vertical through 
P pass through the centre of gravity G, and r T" 

PG will be a normal to the paraboloid. ^^°' ^*" 

The equation of a vertical section through the centre is y^ =■ 
'2ipx, in which x is the axis, the origin being at the vertex. 

Let a — AX = the altitude of the paraboloid ; 
6 = GPP = the inclination of the axis ; 
then, AG = fa, (see example 28 on the preceding page) ; 

AJ^=%a-p; 
hence, 

•dx y y 2ic V 2{^a-p) 
which will be positive and real as long as %a exceeds^. In 
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this case the equilibrium is stable. When ^a exceeds j) it will 
also rest on the apex, but the equilibrium for this position is 
unstable. "When \a — p, d — 90°, and the segment will rest 
only on tlie apex. Wlien \a is less than p, tan d becomes 
imaginary, and hence, this analysis fails to give the position of 
rest; but by independent reasoning we find, as before, that it 
will rest on the apex, and that the equilibrium will be stable. 

80. In a plane material section the 
sum of the prodiMCts found by multi- 
plying each elementary m,a,ss by the 
square of its distance from an axis, 
equals the sum of the sim,ilar products 
in reference to a parallel axis passing 
through the centre, plus the mai,s mul- 
tiplied by the square of the distance 
between the axes. ^"*- ^• 

Let AB be an axis through the centre, 
CD a parallel axis, 
D = the distance between AB and CD, 
dm — an elementary mass, 
yi — the ordinate from AB to m, 
y = the ordinate from CD to m,, and 
M = the mass of the section. 
Then 

f=(^, + Dy~ y^ + 2y,D + V. 
Multiply by dm and integrate, and we have 

ffdm =fy?dm + 2Dfy-^dm + D^dm. 
But since AB passes through the centre, the integral of 
yxdm, when the whole section is inclnded, is zero (see Eq. 715), 
«a.^fdm = M; hence, 

ffdm =fyi^dm + MD\ (82) 

Similarly, if dA be an elementary area, and A the total 
area, we have 

ffdA =fyNA + AD'. (83) 

81. In am/ plane^a/rea, the sum of the products of each ele- 
mentary a/rea multiplied by the square of its distance from an 
axis, is least when the axis passes through the centre. 
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This follows directly from the preceding equation, in which 
the first member is a minimum for J) = 0. 



OKNTEB OF THE MASS. 

82, The centre of the mass is such anoint that, if the whole 
mass he multiplied by its distance from an axis, it will equal 
the sum of the products found by multiplying each elementary 
area by its distance from the same axis. 
Let m, — a,n elementary mass; 
Jif — the total mass ; 
Xi, yi, and % be the respective coordinates, of the centre 

of the mass, and 
x,y, and s the general coordinates, 
then, according to the definition, we have 
Mxi = Smx; \ 

My, = Smy;V (84) 

Msi = Sms ; ) 
which being the same as (70) shows that when we consider 
the force of gravity as constant for all the particles of a body, 
the centre of the mass coincides with the centre of gravity. 
This is practically true for finite bodies on the surface of the 
earth, although the centre of gravity is actuaUy nearer the 
earth than the centre of the mass is. 

If the origin of coordinates be at the centre of the mass, 
we have 

2mx — ; Zmy = ; 2mz = ; (84a) 

which are the same as (71a). 



CHAPTEE lY. 



NON-CONCUEEENT F0ECE8. 



83. EqTJILIBEIUM of a SOLED BODY ACTED UPON BT AOTT 
NUMBEE OF FOEOES APPLIED AT DIFFEEENT POINTS AND ACTING 
IN DIFFEEENT DIEBCTIONS. 




Let A be any point of a body, at which a force F is applied, 
and the origin of coordinates, wliich, being chosen arbitrarily, 
may be within or without the body. On the coordinate axes 
construct a parallelopipedon having one of its angles at 0, and 
the diagonally opposite one at A, 

Let the typical force Fhe. in the first angle and acting away 
from the origin, so that all of its direction-cosines will be posi- 
tive ; then will the sign of the axial component of any force be 
the same as that of the trigonometrical cosine of the angle which 
the direction of the force makes with the axis. 
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Let a = the angle between ^and the axis of x, 
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then will the -Z", Y, and Z-components of the force ^be 
X =^ F(iO& a, 
Y=Ftios^, 

Z = ^C08 7. 

The point of application of the X-com/ponent, being at any 
point in its line of action, may be considered as at Z?, where its 
action-line meets the plane yz. At E introduce two equal and 
opposite forces, each equal and parallel to X, and since they 
will equilibrate each other, the mechanical effect of the system 
will be the same as before they were introduced. Combining 
the force + JT at D with — ^ at E, we have a couple whose 
arm is DE = y — the y-ordinate of the point A. This couple, 
according to Article 54, will be negative, hence, its moment is 

-Xy. 

Hence, a force + ^ at ^ produces the same effect upon a 
body as the couple — Xy, and a force + ^ at ^. 

At the origin O introduce two equal and opposite forces, 
each equal to X, acting along the axis of x. This will not 
change the mechanical effect of the system. Combining + X 
at O with — ^ at ^, we have the couple + Xz, and the force 
-H X remaining at 0. Hence, a single force +X at A is 
equivalent to an equal pq/rallel force at the origin of coordin- 
ates, and the two couples, 

— Xy and + Xs. 

Treating the Y-cpmponent in a similar manner, we have the 
force 

+ Y at the origin, and 
the moments, 

+ Yx and — Yz ; 
and similarly for the Z-convponent, the force 

+ Z at the origin, and 
the moments, 

— Zx and + Zy. 

But the couples + Zy and — Ys, have the common axis x, 
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and hence are equivalent to a single couple which is equal to 
the algebraic sum of the two ; and similarly for the others ; 
hence, the six couples may be reduced to the three following : 

Zy — Yz, having x for an axis : 
Xs — Zx, " y " " « 
Yx—Xy, « z " " " 

hence, for the single force F acting at A there may he substi- 
tuted the three axial components of the forces acting at the 
origin of coordinates, and three pairs of couples having for 
their axes the respective coordinate axes. 

If there be a system of forces, in which 
Fi, F2, 1*1, etc., are the forces, 
^i Vi} ■%) tlie coordinates of the point of application of Ft, 

^^ y-ii ^1 -fi, 

etc., etc., etc., 

ai, Oj, 03, etc., the angles made by F-^, F^, etc., respectively with 

the axis of x, 
A> A) A; Gtc, the angles made by the forces with y, and 
7i' 72) 73) etc., the corresponding angles with 3 ; 
then resolving each of the forces in the same manner as above, 
we have the axial components 

X = Fi cos at + F2 cos 02 + ^ cos 03 + etc. = SFcoa a ; \ 
Y= Ft cos I3t + F2 cos A + i^ cos A + etc. = SFcos 13 ; I (85) 
Z = i^ cos 7i + i^ cos 72 + i^ cos 73 + etc. — HFcos y ; ] 
and the component moments 

Zy — Ys- %{Fy cos 7 — ^ cos y8) = Z n 
Xz— Zx- %{Fz cosa — Fx cos 7) = Jf ; I (86) 

Yx — Xy= S{Fx COS ^— Fy cos a)-JV;) 
in which Z, M, and N are used for brevity. 

EESIXLTANT MOMENT AND EE8IJLTANT COtTPLE. 

84. Let R = the resultant of all the forces whose point of 
application is at the origin, and whose mag- 
nitudes and directions are the same as those 
of the given forces ; 
8 



114 DISCUSSION OF EQUATIONS. [83.] 

a, h, and c = the angles which it makes with the axes x, 

y, and z respectively ; 
Q = the moment of the resultant couple ; 
d, e, and f — the angles which the axis of the resultant 
couple makes with the axes x, y, and s re- 
spectively ; 
then 

X= B co5a;\ 

r=J?cos5;V (87) 

Z = i? cos c ; ; 

L = G (ioad;^ 

M^Gcose-A (88) 

J!f =G cos/ ) 

If a force and a couple, equal and opposite respectively to 
the resultant force and resultant couple, be introduced into the 
system, there will be equilibrium, and B and G will both be 
^ero. Hence, for equilibrium, we have 

X=0; F=0; Z=0; (89) 

Z = 0; M=Q; W==0. (90) 

85. Discussion of equations (87) and (88). 

1. Supjpose that the iody is perfectly free to move in any 
manner. 

a. If the forces concur and are in equilibrium, equations • 
(87) only are necessary, and are the same as equations (60) ; 
hence, we will have 

x=o, r = o, Z=0. 

b. Ji B = and G is finite, equations (88) only are 
necessary. 

c. If B and G are both finite, then all of equations (87) 
and (88) may be necessary. 

2 If one point of the body isficed, there can be no trans- 
lation, and equations (88) will be sufficient. 

3. If an axis parallel to x is fixed in the body, there may be 
translation along that axis, and rotation about it ; hence, the 
1st of (87) and the 1st of (88) are sufficient. 
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i. If two points arefii'ed, it cannot translate, bnt m&y rotate ; 
and by taking x so as to pass througli the two points, the equa- 
tion Z = is sufficient. 

5. If oi^e point only is confined to the plane xy, the body 
will have every degree of freedom except moving parallel to z, 
and hence, all of equations (S7) and (88) are necessary except 
the 3d of (87). 

6. If tJiree jwints, not in the same straight line, are confined 
to theplane ,v(/, it may rotate about s, but cannot move parallel 
to 3 ; hence, the 1st and 2d of (87) and the 3d of (88) are 
necessary and sufficient. 

7. If two axes parallel to x are fixed, the body can move 
only parallel to x, and the 1st of (87) is sutlicient. 

8. If the forces are parallel to the axis of y, there can be 
translation parallel to y only, and rotation about x and b. 

9. If the forces are in the plane xy^ the equations for equi- 
librium become 

X — SP cos a = ^ cos a = ; j 
I^= 2'PcoSi8= i?cos5 = 0; I (91) 

Yx- Xy = ^{Fxao&^-Fyco&a)^- 0. J 

[Oes. In a mechanical sense, whatever holds a body is a force. Hence, 
when we say " a point is fixed," or, '' an axis is fixed," it is equivalent to in- 
troducing an indefinitely large resisting force. Instead of finding the value of 
the resistance, it has, in the preceding discussion, been eliminated. When we 
say "the body cannot translate," it is equivalent to saying that finite, active 
forces cannot overcome an infinite resistance.] 

86. Applications of equations (91). 

a. peoblems in which the tension of a steing is involved. 

1. A hody AB, whose weight is W, 
rests at its lower end upon a perfectly 
smooth horizontal plane, and at its 
upper end against a perfectly smooth 
vertical plane : the lower end is pre- 
vented from sliding by a string CB. 
Determine the tension on the strhig, 
and the pressure upon the horizontal 
and vertical planes. 
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Take the origin of coordinates at C, the axis of x coinciding 
with CIS, andy with AG, x being positive to the right, and y 
positive upwards. 
Let W = the weight of the body whose centre of gravity is 
at 6^; 
Ji = the reaction against the vertical wall, and, since 
there is no friction, its direction will be perpen- 
dicular to ^C; 
]V= the reaction of tlie horizontal plane, which will be 
perpendicular to OS ; 
I = the horizontal distance from O to the vertical 

through the centre of gravity ; 
t = the tension of the string ; 
then equations (91) become 

X= B + t = 0; 
Y^ JSr+ W^ 0; 
Xy - Yx = R.AG + #.0 + N.GB + W.l = Q; 
in wliich all the quantities are treated as positive. 
Solving these equations, gives 

N = - W, and 

If the centre of gravity is at the middle of AB, then 

GB 

R = 2Z^ 1^ = i ^tan BAG. 

We thus see that the horizontal plane sustains the whole 
weight, and that the tension of the string is equal and opposite 
to the reaction of the vertical plane. 

The reaction iVand the weight W, being equal and parallel, 
and acting in opposite directions, constitute a couple whose 
arjn is equal to GB — I. Similarly the tension i and the reac- 
tion R constitute another couple M-hose arm is -4.6'; and since 
there is equilibrium in reference to rotation, we have 
W{GR) - 1 = R.AG; 

■ 7? ^^-^ W 
■■^=-AC~ ^' 

as before. 
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The direction of the forces will generally he hnownfrom the 
c inditions of the problem^ and it is generally hest to enter them 
in the equations with their proper signs ; but, as we have seen 
above, this is not always necessary. When only three forces 
are involved in a system their relative ^\g\i9, maybe determined 
tVom the analysis. 

[Obs. It will be a profitable exercise for the student to solve the same ex- 
ample by taking the origin of coordinates at different points.] 

2. -A ladder rests on a smooth horizontal plane and against a 
vertical wall, the lower end being held by a horizontal string; a 
pei-son ascends the ladder, required the pressure against the 
wall for any position on the ladder. 

3. A uniform beam, whose length 
is AB and weight TF", is held in a 
liorizontal position by the inclined 
string CD, and carries a weight P at 
the extremity ; required the tension of 
the string. 




AB DC_ 
AI)' AC 




Ans. t — 

4. A prismatic piece AB is per- 
mitted to turn freely about the 
lower end A, and is held by a 
string CE\ given the position of 
the centre of gravity, the weight 

TFof the piece, the inclination of 
the piece and string, and the 
point of attachment E\ required 
the tension of the string, and the fi^j. st. 

pressure against the lower end of the beam at A. 

5. A heavy piece AB is 
supported hy tvjo cords 
which pass over pulleys C 
emd D, and have weights 
P]^ and P attached to them; 
required the inclination to 
the horizontal of the line 
AB joining the points of 
attachment of the cord. 

(Consider the pulleys as reduced 
to the points and D.) 



{P + iW). 




lis 
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Let O, the centre of gravity of AB, be on the line join- 
ing the points of attachment A and B ; 
a^ AG; l = BG; 
i = the angle DCM; 
S = the inclination of BA to DC; 
a = BOA ; and j8 = CBB. 
Eesolving horizontally and vertically, we have 

X = Pi cos MOa"- P cos JVBB + TTcos 90° = ; 

= Pi cos (a—i) — P cos (/3 + «■) = ; {a) 

Y-P^ sin {a-i) + P sin (/8 + *) - W ^ 0. \h) 

Taking the origin of moments at G, making Gp perpendi- 
cular to A C, and Gp^ perpendicular to DB, we have 

PiX Gp- P X Op^- TFxO = 0; 
or Pi . a sin (a + S) - P . 5 siu (/3 - S) = 0. (c) 

The angle i is given by the conditions of the problem ; hence 
the three equations {a), ib), and (c) are sufficient to determine 
the angles a, /3, and S, when the numei-ical values of the given 
quantities are known. The inclination will be S + i. 

6. Suppose, in Fig. 58, that the lengths of the strings XC and 
BB are given, required the inclination of AB. 

[The solution of this problpm involves an equation of the 8th degree] . 

c „A Y. A heavy piece AB, Fig. 59, 

is free to swing about one end A, 
and is supported by a string BG 
which passes over a pulley at U, and 
is attached to a weight P ; find 
the angle A GB when they are in 
equilibrium. 

8. A weight W rests on a' plane 
whose inclination to the horizontal is 
i, and is held by a string whose in- 
clination to the plane is 9 ; I'equired 
the relation between the tension P 
and the weight, and the value of the 
normal pressure upon the plane. 




Fig. 60. 



P=^TF; 
cos^ 



Normal pressure = ,, ' W. 

cos 6 
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h. equilibhutm of perfectly smooth bodies in contact with 

EACH OTHEE. 

9. A heavy ieam rests on two smooth inclined planes, as in 
Mg. 61 ; required the inclination of the ieam to the horizontal, 
and the reactions of the respective planes. 

Let AC aud CB be the in- 
clined planes; AB the beam 
whose centre of gravity is at O. 
When it rests, the reactions of 
the planes must be normal to the 
planes, for otlierwise they would 
have a component parallel to the 
planes which would produce mo- 
tion. 

Let a^ = AG; a^= GB ; 
R = the reaction at A 
R'= « " "^; 

Tr= the weight of the beam ; 
a = the inclination oi AO to the horizon ; 
Q —. li « « ^6' " " " 

a —■ a u « AB " " " 



r 


\#^ 


^^ / ^^ 




J\ 


C 



Take the origin of coordinates at the centre of gravity G of 
the body, x horizontal and y vertical. 
The forces resolved horizontally give 

X = 2? sin a — ^' sin /3 + TTcos 90° = ; 
and vertically, 

Y=B(iOsa + B' (io&P- Fsin 90° = 0. 



{a) 



% 



The moment of ^ sin a is, . 



Hence Xy 



+ B sin a X J- <r sin 0. 
+ B' sin P X GB sin 6. 

0. 
— ^ cos a X ^ 6r cos 6. 
+ R' cos ^ X GB cos e. 

Yx = Ba^, sin a sin 5 -f- R'a^ sin y3 sin 6 
— Ra^ cos a COS 6 + R'a^ cos /3 cos 6 

= — Rai cos {a + d) + R'a^ cos {^—d)=0. (c) 



a 


(( 


" R' sin /3 is, . 


a 


ii 


« TFcos 90° is, . 


u 


a 


" R cos a is, . 


a 


a 


" R' cos j8 is, . 
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It is generally better to deduce the values of the moments 
directly from the definitions ; (see Articles 51 to 57). To do 
this in the present case, let fall from G the perpendiculars aG 
and iG upon the action-lines of the respective forces ; then 

bG = aj, sin (90° - {^ - 6)) --^ a^ cos (^-0); 
aG = a^ sin (90° — (a + ^) ) = (Zi cos (a + 0) ; 

and we have 

the moments = — JS . aG + H' ■ hG = — Ra^ cos (a + ^ + 
R'a-i cos (/8 — ^) = ; as given above. 

Solving equations (a), (5), and (c), we find 

«! sin(a-l-j8) Oj s]n(a+y8) ' 

/, «i cos a sin /3 — Oa sin a cos B 

tan (7 ^ -. r ; -. -p, • 

(ffli + «2) Sin a sin /3 

If ^ = i?', then 

«2^ sin /3 = Oj^ sin a ; 

which are the conditions necessary to make the normal reactions 
equal to each other. 

The reactions prolonged will meet the vertical through the 
centre of gravity at a common point Z>, and if the beam be 
suspended at D by means of the two cords DA and DB it will 
retain its position when the planes AC and CB are re- 
moved. 

If /3 = 90°, the plane GB will be vertical, and we find 

Ox sin a 
o^cos a 



7-> <^2 -nr Ttr (h sin a -_. a, ,„ 

^ = ^.Trseca; B' -~ 1^=^-17 tan a; 

Oi 0-2 cos a a, ' 



If ffli = flta, then 

_ sin^ ^ ^ sin a 

tan^=,^!?i^^. 
z sm a sm yS 
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If jS^ 90° and a =0°, then 

^' = 0, 6=0, and B=W. 

A special case is that in which the beam coincides with one 
of the planes. The formulas do not apply to this case. 



10. Two equal, smooth cy- 
lindei-s rest on two smooth 
2ilanes whose inclinations are 
a and /8 respectively ; required 
the inclination, 6, of the line 
joining their centres. 




Fia. 63. 



Ans. Sin 6 = -Kcot a — cot /3). 



11. A heavy, uniform, smooth beam 
rests on one edge of a box at 0, and 
against the vertical side opposite ; 
required its inclination to the vertical. 
Let g be the centre of gravity. 



Ans. 



Si„« = y^, 



12. Three equal, smooth cylinders are 
placed in a box, the two lower ones being 
tangent to the sides of the box and to each 
other, and the other placed above them 
and tangent to both ; required the pressure 
against the bottom and sides of the box. 




Fig. 64. 



Ans. Pressure on the 'bottom = total weight of the cylin- 
ders. 

Pressure on one side = \ weight of one 
cylinder y. tan 30°. 

13, Two homogeneous, smooth, prisma- 
tic bars rest on a horizontal plane, and are 
prevented from sliding upon it; required 
their position of equilibrium when leaning 
against each other. 

Let AB and CP be the two bars, resting against each other 




AJi 



Fio. 6B. 
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at B ; then will they be in equilibrium when the resultant of 
their pressures at B is perpendicular to the face of CD. 

Let I = AB; o^ CD; x = BD ; 

a = AD ~ the distance between the lower ends of the 

bars; 
W = the weight of AB ; 
PTi = the weight of CD; 

Ea.uA tr the respective centres of gravity of the bars, 
which will be at the middle of the pieces ; then we have 

2 {a? + 5^ - a^) a^ W= c {a? -P + a?) {-a' + P + a?) W^; 

which is an equation of the fifth degree, and hence always ad- 
mits of one real root. 

14. The upper end of a heavy piece 
rests against a smooth, vertical plane, 
and the lower end in a smooth, spheri- 
caXiowl ; required the ^iosition of equi- 
librium. 

Let AB be the piece, BF the verti- 
cal surface, EA the spherical surface, 
and g the centre of gravity of the piece. 
When it is in equilibrium, the reaction at the lower end will be 
in the direction of a normal to the surface, and hence will pass 
through C, the centre of the sphere, and the reaction of the ver- 
tical plane will be horizontal. 

Let W = the weight of the piece ; 

r = the radius of the sphere ; 

a = J.^ ; I = Bg; I — AB ; d = CF; 
H = the reaction of the vertical plane ; 
N = the reaction of the spherical surface ; 

i = the inclination of the beam to the horizontal ; 

6 — the inclination of the radius to the horizontal. 

Take the origin of coordinates at g, x horizontal and y ver- 
tical ; and we have 

X= iV^cos^ - ^ = 0; 
T = iTsin 9 - TF = ; 

Moments = ~ R.h sin i + R.a sin {9 — i) ; 




Pig. 66. 
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and the geometj'ical relations give, 

Icos i = KB = RF= d -\- r co'& 6. 
From these equations, we have 

iV^=TFcoseo 6; E =Trcot^; 
a sin {6 — i) —b cos ^ sin * = 0, 
which, by developing and reducing, becomes 
{a + h) tan i — a tan d ; 

this, combined with the fourth equation above, will determine 
i and Q. 

The position is independent of the weight of the piece, but 
depends upon the position of its centre of gravity. 

15. A heavy prismatic bar of infinitesimal 
cross-section rests against the concave arc of a 
vertical parabola, and a pin placed at the 
focus ; required the position of equilibrium. 

Let I = AB = length of tlie bar ; -p = CD 
= one-half the parameter of the parabola, C 
being the focus, and d = A CD. 

Am. 6 = 2 

16. Required the form of the curve such that the bar will 
rest in all positions. 

Ans. The polar equation is r = ^l + c sec 0, in which I is 
the length of the bar, and o an arbitrary constant. It is the 
equation of the conchoid of Nichomedes. 

C. INDBTEEMINATE PEOBLEMS. 

17. To determine the pressures exerted hy a door ujpon its 
hinges. 

Let W = the weight of the door ; 

a = the distance between the hinges ; 
b = the horizontal distance from the centre of gravity 
of the door to the Vertical line which passes 
through the hinges ; 
^= the vertical reaction of the upper hinge ; 
Fi = the vertical reaction of the lower hinge; 
S = the horizontal reaction of the upper hinge ; 
Hi = the horizontal reaction of the lower hinge ; 
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then 

X = ^ + ^1 = ; 
T= F+ F^-Wz= 0; 
Xy - Tx= Ha-Wi = 0; 



•which give 



B:= - H^^ —W; m.d. 
a 

F^ F,=W. 

The result, therefore, is indeterminate, but we can draw two 
general inferences : 1st, The horizontal pressures upon the 
hinges are equal to each other hut in opposite directions / and, 
2d, The vertical reaction upon both hinges equals ths weight 
of the door. 

It is necessary to have additional data in order to determine 
the actual pressure on each hinge. The ordinary imperfec- 
tions of workmanship will cause one to sustain more weight 
than the other, but as they wear they may approach an 
equality. 

The horizontal and vertical pressures being known, the 

actual pressures may be found by the triangle- of forces. If 

the upper end sustains the whole weight, the total pressure 

W 

npon it will be — yo? + J^. If each sustains one-half the 

weight, the pressure on each will be one-half this amount. 

18. A rectangular stool rests on four legs, one being at each 
corner of the stool ; required the pressure on each. 

(^The data are insufficient.) 

P 

] 9. A weight P is supported by three un- 
equally inclined struts; required the amount 
which each will sustain. ^_ 

Fio. 68. 

[Obs. If more conditions are given than there aie qaantities to be deter- 
mined, they wm either be redundant or conflicting.] 
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d. STRESS ON TBAMKR 

20. Suppose that a trumgulo.r truss, Fig. 69, is loaded with 




equal weights at the upper apices ; it is required to find the 
stress upon any of the pieces of the truss. 

[The stress is the pull or push on a piece.] 

Let the truss be supported at its ends, and let 

I = Aa ^ ah ^= etc., = the equal divisions of the span AB; 
]V= the number of bays in the chord AB ; 
L= Nl = AB, the span ; 

Pi,Pi,Pi, etc., be the weights on the successive apices ; which 
we will suppose are equal to each other ; hence 
p=p^-p^^ei(i.; 
Np — the total load ; 
V^ the reaction at ^ ; and 
Vi= " " " B. 

1st. There will he equilibrium among the external forces. 

All the forces being vertical, their horizontal components will 
be zero, hence 

X=0; 

F=F+Fi-.Si? = F+Fi-7Vp = 0; {a) 

and taking the origin of moments at B, observing that the 
moment of the load is the total load multiplied by the horizontal 
distance of its centre of gravity from B, we have 

V.AB - Np.^AB^^O; 



or, 



V.L-Np.^L^O; 
.:Y^\Np; 
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which in (a) gives "Fi also equal to ^JVp ; hence the supports 
sustain equal amounts, as they should, since the load is syme- 
trical in reference to them, and is independent of the form of 
trussing, 

2d. To determine the internal forces. — Conceive that the 
truss is cut hy a vertical plane and either part removed while 
we consider the remaining part. To the pieces in the plane 
section, aj^ly forces actin.g in such a manner as to produce the 
same strains as existed iefore they were severed. Consider 
the forces thus introduced as- exterruil, and the problem is 
reduced to that of determining their value so that there sJiall 
he equilibrium among the new system of external forces. 



Let CB, Fig. 69, be a 
vertical section, and suppose 
that the right-hand part is 
removed. Introduce the ex- 
ternal forces in place of the 
strains, as shown in Fig. 70. 




Fig. 70. 



Let H = the compressive strain in the upper chord ; 
Hi =: the tensile strain in the lower chord ; 
i'' = the pull in the inclined piece ; 
6 =: the inclination of i^to the vertical ; 
n = the number of the bay, iJ), counting from A 

(which in the figure is the 3d bay) ; and 
D = CD = the depth of the frame. 

The origin of coordinates may ie taken at any point. Take 
it at A, X being horizontal and y vertical. 

Resolving the forces, we have 

X= B,- B + Fsin 6=0; (a) 

Y = V — Pi, — Pi — etc., to^n — i^cos = 0; 

= V - np - Fcos e = 0; (5) 

the moments = V.O —pi-il —pi-^l — etc.+ S.B — F.AE=0, 
or, Wp + SD -Fnl cos 6 = (c) 
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Eliminating i^^ between equations (i) and (c), substituting the 
value of F = inp, and reducing, give 

that is, the strains on the hays of the upper chord vary as the 
product of the segments into which the lower chord is dvoided 
hy the joint directly under the hay considered. 

From (5) we have 

i^cos e = V- np = f (i\^ - 2w) J? ; (e) 

and since 6 is constant, the stress on the inclined pieces decreases 
uniformly from the end to the middle. 

At the middle n = ^Iff, and F =^ Q ; hence, /or a uniform 
load, there is no stress 07i the central braces. 

Those pieces which incline from the ends towards the middle 
will be subjected to compression, and the others to tension. 

Eliminating iZ^and i'^from {a), we have 

H,= \^N{N-^)-n{n-l)\^ (/) 

For forces in a plane the conditions of statical equilibrium 
give only three independent equations, {a), Q>) and {c) ; (or Eqs. 
(91) ); hence, if a plane section cuts more than three indepen- 
dent pieces in a frame, the stresses in that section are indeter- 
minate, unless a relation can be establislied among the stresses, 
or a portion of them be determined by other considerations. 

21. If iV^= 7,_p =i?i =i>2 = etc. = 1,000 lbs., AB = 56 
feet and Z> = 4 feet ; required the stress on each piece of the 
frame. 

22. In Fig. 69, iipi andj?2are removed, and^g = Pt = Ps ~ 
1,000 lbs., find the stress on the bay 2 — 3, and the tie 2 — 5. 

23. If all the joints of the lower chord are equally loaded, 
and no load is on the upper chord, required the stress on the n'* 
pair of braces, counting from A, Fig. 69. 

Ans. i(ir— 2n -\- l)p sec 0. 
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24. A roof truss ADB is loaded with equal weights at 
the equidistant joints 1, 2, 3, eto. ; required the stress on any 
of its members. 

[Obs. The weight at J? is the same as the others. This load will produce 
the same stress as that of a load uniformly distributed, except that the latter 
would produce cross strains upon the rafters, which it is not our purpose to 
discuss in this place.] 

Let the tie AB be divided into equal parts, Aa, db, etc., and 
the joints connected as shown in the figure. The joints are 



1 

> 




> 


i 

n 




\< 


h 


> . 








\ 


\ 






X 




A 


a 


i 


m. 




c 






B 



Fid. 71. 



assumed to be perfectly flexible. The right half of Fig. 71 
may be trussed in any manner by means of ties or braces, or 
both, and yet not affect the analy- 
sis applied to the left half. 

Conceive a vertical section nm, and 
the right-hand part removed. In- 
troduce the forces H., H^ and i^as 
previously explained, and the condi- 
tions of the problem will be repre- 
sented by Fig. 72. The letters of 
reference given below involve both figures. 

Let N = the number of equal divisions (bays) in AB • 
n — the number of the bay Ic counting from A • 
I — Aa = ab, etc. ; 
jp = the weight on any one of the joints of the rafter; 
V = the vertical reaction at ^ or ^ ; 
/> = DC, the depth at the vertex; 
" 52c; and* = DAG. 




e 

Then 

(iT- l)j> = the total load ; 



F=i(ir-l)_p. 
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Take the origin of coordinates at A, and the origin of mo- 
ments at the joint marked 2. Resolving the forces shown in 
Fig. 72 horizontally and vertically, we have 

X = - ^cos DAG + El- Fsini^G = 0; 
T = V— np - ^sin DAG + Fcos b2o — ; 



or. 



H^ 


308 i + Hx~ 


Fsin = 


0; 






V 


— np 


— H%va.i + Faoi 


e := 







also the moments 


1 












HM 


- V.ab +(n- 


-l)p.\{n - 


2)1 


= 





But from Fig. 


71 we 


have 
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Ah 


{n-\) 


I 








CD 


~ AG 


~ iJVl 


"• 







Substituting in the equation of moments the value of 52 
found above, of F= i{N' — T)jp, of Ah — (n — 1) I, and 
reducing, give 

By means of the other two equations, we find 
E = i(iV" — n)p cosec i ; 
F= i(n — l)j?sec 6. 



e. STRESS IN A LOADED BEAM. 

25. Swppose that a heam, is 
firm,ly fixed in a wall at one 
end, and that the pt'ojecting 
end is loaded with a weight 
P ; required the forces in a 
vertical section mn, Fig. 73. 

Take the origin of coorcli- 
nates at A, x horizontal and y 
vertical. Take the plane sec- 
tion perpendicular to the axis 
of 3?. Without assuming to know the directions in which the 




Fio. 73. 



130 



LOADED COED. 



6.] 



forces in the section act, we may conceive them to be resolved 
into horizontal and vertical components. Let F be the typical 
horizontal force, then will 

X = %F^ 0; 

hence, some of the F-forces will be positive, and the others 
negative. 

Neglecting the weight of the beam, and letting Y^ be the 
sum of the vertical components in nm, we have 
r= ri-P = .-. 7i = P; 

as shown in the figure. 

The forces, + P and — P, constitute a couple whose arm is 
Aa ; and since the F-forces are the only remaining ones, the 
resultant of the + F''s and the — F^s must constitute a couple 
whose moment equals P-Aa with a contrary sign. 

[Obs. Investigations in regard to the distribution of the forces over the 
plane section belong to the Resistance of Material. \ 



f. LOADED COED. 

26. Suppose that a 'perfectly flexible, inextensible cord is 
■fixed at two points and loaded continuously, according to any 
law ; it is required to find the equation of the curve and the 
tension of the cord. 

Assuming that equilibrium 
has become established, we 
may treat the problem as if the 
cord were rigid, by consider- 
ing the curve which it assumes 
as the locus of the point of ap- 
plication of the resultant. The 
resultant at any point will be in the direction of a tangent to 
the curve at that point ; for otherwise it would have a normal 
component which would tend to change the form of the curve. 

Take the origin of coordinates at the lowest point of the 
curve. Let a be any point whose coordinates are x and y; 

X = the sum of the x-components of all the external forces 
between the origin and a ; 

Y = the sum of the y-components ; 
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t = the tension of the cord at a ; 
4 = the tension at the origin. 

Eesolving the tension {t) by multiplying it by the direction- 
cosine, we ha\e 

< T- = the aj-component of t, and 



t-~ = the j'-eomponent. 
For the part Ca, equations (91) become 



{a) 



\Obs. In the problems which we shall consider, the third of these equations 
win be unnecesEary, since the other two furnish all the conditions necessary 
for solving them: ] 

Let OH' the applied forces he vertical. 
Then X = 0, and the first two of equations {a) become 



ds 



T+t 



0. 



(5) 



From the first of these we have 

{7CG 

t-^ = to = a constant ; 

hence, the horizontal component of the tension will he constant 
throughout the length for any law of vertical loading. 
From the second of (5), we have 
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hence, the vertical cnrrvponent of the tension at any point 
equals the total load between the lowest point and the point 
considered. 



27. Let the load he uniformly dis- 
tributed over the horizontal. 

(This is approximately the condition of tlie 
ordinary suspension bridge. ) 

Let w = the load per unit of length, 
then 





X = wx; 




and (b) becomes 






'■-''£="■' 


- 




wx+t$ = 0. 
ds 




Eliminating t 


gives 






t^dy = wxdx; 


and integrating gives 




t^ = iwa^ + (C = 0) ; 




.-. gff' = —- y; 
w ^ ' 









(«) 



{d) 



hence, the curve is a parabola whose axis is vertical, and whose 

2# 
parameter is —5-. The parameter will be constant when t^ — w 

is constant ; hence the tension at the lowest point will he the 
same for all parabolas having the same parameter and the 
same load per unit along the horizontal, and is independent of 
the length of the curve. 

To find the tension at the hwest point, substitute in equa- 
tion {d)t\\e value of the coordinates of some known point. 
Let the coordinates of the point J. be aJi and y\ ; then (d) gives 



4 = 



WXi 



ie) 
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To find the tiiiswn at any 2>oint we have from the first of 
equations (c) and the Theory of Curves 

ds _ . Vda? + df _ / dil' 



To find the tension at the highest point A, from (d) find 

dx x^ ■= yr 

substitute in {^f), and we obtain ' ' ^' ' 



t,--^-~yx? + ^,\ 

(To find So by the Theory" of Momentg, take the origin at A. The load on 
Zi will be iiXi, and its arm the horizontal distance to the centre of gravity of 
the load, or i^i ; hence, its moment wUl be iwx^'. The moment of the tension 
will be toyi ; hence, 

toWi = iOTse'i or to = s — , as before.) 

The slope (or inclination of the curve to the horizontal) may 
be found from equation {g) ; which gives 

tan % — -^ . 

Xy 

28. The Catenary. A catenary is the curve assumed by a 
perfectly flexible string of uniform section and density, when 
suspended at two points not in the same vertical. Mechanically 
speaking the load is uniformly distributed over the arc, and 
hence varies directly as the arc. 

To find the equation, 

let w — the weight of the cord per unit of length ; 

.•. Y =■ W8{s being the length of the arc) ; 
and equations (5) become 



ws+t^=^0. 
ds 



> W 
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Transposing and dividing the second by the first, gives 
dy w 

-Y- = -SI 

ax ta 

and differentiating, substituting the value of ds and reducing, 
gives 



d 
.-. - dx = 

to 



\dx} 
Integrating gives 

i^-%.[i.v/:;i]; 

or, passing to exponentials, gives 

dx^y ^d^ dx^ dx' ^*' 

^ da?- [/' dx] ' 

from virhich we find 

which integrated gives 

= 4^ [^•- -«-'•"]; 

which is the equation of the Catenary. 

Eliminating -^ between equations (%) and {j), we find 



{k) 
(Z) 



ds ,r f. -;?.-j 
^ = *L' ""' J' 
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tixe integral of which is 

which gives the length of the curve. 
The following equations may also be found 



v/ 



2w 



If 5 — the inclination of the curve to the vertical, then 
X = s tan 6 log^ cot id. 

The tensions, t and tg, are so involved that they can be de- 
termined only by a series of approximations. The full devel- 
opment of these equations for practical purposes belongs to 
Applied Mechanics. 

The catenary possesses many interesting geometrical and mechanical prop- 
erties, among which we mention the following : — 

The centre of gravity of the catenary is lower than for any other curve of 
the same length joining two fixed points. 

If a common parabola be rolled along a straight line, the Iocub of the focus 
will be a catenary. 

According to Eq. (k) it appears that if the origin of coordinates be taken 
directly below the vertex at a distance equal to tg -i- w, the constant of integra- 
tion will be zero. (This distance equals such a length of the cord forming the 
catenary as that its weight will equal the tension at the lowest point of the 
curve). A horizontal line through this point is the directrix of the catenary. 

The radius of curvature at any point of the catenary equals the normal at 
that point, limited by the directrix. 

The tension at any point equals the weight of the cord forming the cate- 
nary whose length equals the ordinate of the point from the directrix. 

If an indefinite number of strings (without weight) be suspended from a 
catenary and terminated by a horizontal line, and the catenary be then drawn 
out to a straight line, the lower ends of the vertical lines will be in the arc of 
a parabola. 

If the weight of the cord varies continuously according to 
any known law the curve is called Catenarian. 
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29. To determine the equation of the Catenarian curve of 
uniform density in which the section varies directly as the 
tension. 

Let Jc = the variable section ; 

S = the weight of a unit of volume of the cord ; 
= the ratio of the section to the tension ; 
then 

Y=fBkds, Tc = ct, .-.T =^ hoftds; 
which substituted in (5) and reduced, gives 

hey ■= loge sec chx, 
for the required equation. 



g. LAW OF LOADING. 

30. It is required to find the law of loading so that the 
action-line of the resultant of the forces at any point shall he 
tangent to a given curve. 

Assume the loading to be of uniform 
density, and the variations in the load- 
ing to be due to a variable depth. In 
Fig. 76, let O be the origin of coordi- 
nates ; Z =ab — the depth of loading' 
over a point whose abscissa is a; ; 6? = 
the depth of the loading over the ori- 
gin, and S = the weight per unit of 
volume of the loading, then 
T=fhZdx; 




which in Eq. (b) gives 



dy 



Transposing, and dividing the latter by the former, gives 
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which, differentiated, gives 

But, from the Theory of Curves, we have 



(l + ^f 



cPy _ \ d3?l _ sec' * 
dx^ ~ p "" p 

in which p is the radius of curvature, and 4 is the angle between 
a tangent to the curve and the axis of x. From these we read- 
ily find 

„ to sec'*' 

At the origin p = po, i = 0, and Z = d; which values sub- 
stituted in the preceding equation give 

:. Z — dpa . (n) 

p 

Discussion. For all curves which have a vertical tangent, we 
have at those points 

i = 90° ; .•. sec ^■ =:; oo , and, if p is finite 

Z ^ ao -^ 

hence, it is practically impossible to load such a curve through- 
out its entire length in such a manner that the resultant shall 
be in the direction of the tangent to the curve. A portion of 
the curve, however, may be made, to fulfil the required con- 
dition. 

Let the given cv/rve he the are of a cvrcle / then p = p^, and 
equation (n) becomes 

Z = d sec' i, 
from which the upper limit of the loading may be found. For 
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small angles sec'i will not greatly exceed unity, and hence, the 
upper limit of the load will be nearly parallel to the arc of the 
circle for a short distance each side of the highest point. At 
the extremities of the semicircle, * — 90°, and Z = <x). 

If the given curve he a parabola, we find Z = d, that is, the 
depth of loading will be constant ; or, in other words, uni- 
formly distributed over the horizontal. This is the reverse of 
Prob.27. 

(The piinciples of this topic may be nsed in the constmction and loading of 
arches.) 

31. Let the tension of the cord he uniform. 

We observe in this case that the loading must act normally 
,to the curve at every point, for if it were inclined to it, the 
tangential component would increase or decrease the tension. 

Let^ = the normal pressure per unit of length of the arc; 
then pds =^ the pressure on an element of length, and this mul- 
tiplied by the direction-cosine which it makes with the axis of 
X, and the expression integrated, give 

/ pds |-3- J = / j>dx — the sc-component, and 

/ j)dy = the y-component of the pressures, 
hence, equations {a), p. 131, become 

, dx 



ta + I pdx + t ^— = ; 



J:pdy 



+ 4=»^ 



differentiating which, gives 

dx 



pdy^td{^) = 0. 
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Transposing, squaring, adding and extracting the square 
root, give 

that is, the normal pressure varies inversely as the radius of 
curvature. 

1. If a string be stretched upon a perfectly smooth curved 
surface by pulling upon its two ends the normal pressure upon 
the surface will vary inversely as the radius of curvature of the 
surface, the curvature being taken in the plane of the string at 
that point. 

2. If p be constant p will be constant ; hence, if a circular 
cylinder be immersed in a fluid, its axis being vertical, the nor- 
mal pressure on a horizontal arc will be uniform throughout 
its circumference. 

h. THE LAW OF LOADING ON A NOEMAXLT PEESSED ARC BEING 
GIVEN, EEQDIKED THE EQUATION OF THE AEG 

32. The ties of a suspension ^ 5 

hridgeheing normal to the curve /'^Vs^ n ^^f^^^K 

of the cable, and the load uni- / / /Tl \\ \_\ 

form along the span, requi/red d e F 

the equation of the curve of fio. n. 

the cable. 



($W^)-4=li^\/(i) 



Ans. I 1 + 

the origin being at O, x horizontal and y vertical 
d^ 
dx 




If tan * = ^, and />o = the radius of curvature at the vertex, 



then 

X = i/3o (1 + cos' i) sin i, 

y = JyOj sin' i cos i. 

(See solution by Prof. S. "W. Robinson, Journal of the 
Franklin Institute, 1863, vol. 46, p. 145 ; and its application to 
bridges anJ arches, vol. 47, p. 152 and p. 361.) 
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33. A jyerfectly flexible, inextensible trough of indefinite 
length is filled with a fluid, the edges of the trough being par- 
allel and supported in a horizontal plane ; required the equa- 
tion of a cross section. 

The length is assumed to be indefinitely long, so as to elimin- 
ate the effect of the erul pieces. The pressure of a fluid against a 
surface is always normal to the surface, and varies directly with 
the depth of the fluid. The actual pressure equals the weight 
of a prism of water whose base equals the surface pressed, aud 
whose height equals the depth of the centre of gravity of the 
said surface below the surface of the fluid. The problem may 
therefore be stated as follows : — Jiequired the equation of the 
curve assumed by a cord fixed at two joints in the same hori- 
zontal, and pressed normally by forces which vary as the verti- 
cal distance of the point of application below the said hori- 
zontal. 

Let A and B be the fixed points. Take the 
origin of the coordinates at D, midway be- 
tween A and £, and y positive downwards. 
Let 8 be the weight of a unit of volume ; then 

p = Sy, which in equation (o) gives 
t = Syp, and for the lowest point 
t — SJ)pg ; in which I) is the depth of the 
lowest point and po the radius of ciirvatui-e at that point ; 

.-. Syp = SDpo, or ^ = -. 
But from the Theory of Curves we have 

P~\^dx^) dj?' 

which substituted above, and both sides multiplied by dy, may 
be put under the form 
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the integral of which is 



(-fr=4-« 



But ^ = 0, for y = Z> ; .-. C = -^^^ ; which substituted 

and tlie equation reduced gives 

(dx" + dv']*- ds - ^Po^^y 

{OX + ay) -as- ^^^jj^p.^^^Dp^-jy^+fy] 

Squaring and reducing, gives 

These may be integrated by means of Ellvptio Functions. 
Making y ^ D cos <^, and c— j—, they may be reduced to 
known forms. Using Legendre^s notation, we have 

(See Article by the Author in the Journal of the Franklin 
Institute, 1864, vol. 47, p. 289. 



CHAPTEE V. 

EELATION BETWEEN THE INTENSITIES OP F0ECE8 ON DIFFEEENT 
PLANES WHICH OUT AN ELEMENT- 

87. DisTErBUTED FoEGES are those whose points of applica- 
tion are distributed over a surface or throughout a mass. The 
attraction of one mass for another is an example of the latter, 
some of the properties of which have been discussed in the 
Chapter on Parallel Forces ; similarly, when one part of a body 
is subjected to a pull or push, the forces are transmitted 
through the body to some other part, and are there resisted by 
other forces. If the body be intersected by a plane, the forces 
which pass through it will be distributed over its surface. 
Planes having different indinations ieirhg passed throuyh an 
element, it is proposed to find the relation between the intensi- 
ties of the forces on the different planes. 

88. Definitions. Stresses are forces distributed over a sur- 
face. In the previous chapters we have assumed that forces 
are applied at points, but in practice they are always distrib- 
uted. 

A strain is the distortion of a body caused by a stress. 
Stresses tend to change the form or the dimensions of a body. 
Thus, apuU elongates, a push compresses, a twist produces tor- 
sion, etc. (See Hesistanoe of Materials.) 

A simple stress is a pull or thrust. Stresses may be com- 
pound, as a combination of a twist and a pull. 

A dieect simple stress is a pull or thrust which is normal to 
the plane on which it acts. 

A. pull is considered ^os^^we, and a thrust, negative. 

The intensity of a stress is the force on a unit of area, if it 
be constant ; but, if it be variable, it is the ratio of the stress 
on an elementary area to the area. 

To form a clear conception of the forces to which an element 
is subjected, conceive it to be removed from the body and then 
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subjected to such forces as will produce the same strain that it 
had while in the body. 

89. Formulas fok tub intensitt of a stress. Let i^ be a 
direct simple stress acting on a surface whose area is A, and j? 
the measure of the intensity, then 



j? = 



A' 



(92) 



when the stress is uniform, and 

dF 



J? 



dA 



, when it is variable. 



If the stress be variable we will assume that the section is so 
small that the stress may be considered uniform over its sur- 
face. 

90. Direct stress resoltep. Let the prismatic element 
AB, Fig. 79, be cut by an oblique 
plane DF. Let the stress F be simple 
and direct on the surface CJi, and 
JV = the normal component of i'^on 

DF; 
T = the component of F along the 
plane DF, which is called 
the tangential component ; 
6 = FON = the angle between the 
action-line of the force and 
a normal to the plane DF, 
and is called the obliquity 
of the plane ; 
A = the area of VB, and A' that of DF. 

Then, according to equations (62), we have 

N = i^cos 6 ; 
T = Fsm e. 

From the figure we have 

A' — A sec 6, 
hence, on the plane DE, we have 




Fig. 79. 
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717- 7 • . •. J^ -^cos e , „ 

Jyormal'mtens%ty,pn'= —ti = —a a ~ P ''^^ ' 

* .o. -a. sec V 

Tangentialintensity, 2>t = "T7 = 'a -n=psiii.dcosd. 



(93) 



Pass another plane perpendicular to DE, having an obli- 
quity of 90° — 6; then, accenting the letters, we have 

y„=i?sin»^; ) , 

p't = p cos6 sin 6. ) 

This result is the same as if a direct stress acting upon a 
plane perpendicular to GB, having an obliquity of 90° — in 
reference to DE, be resolved normally and tangentially to the 
latter. 

Combining equations (93) and (94) we readily lind 



'«+y«=i^;] (95) 



that is, when an element {or hody) under a direct simple stress 
is intersected iy two planes the sum of whose obliquities is 90 
degrees, the sum of the intensities of the normal components 
of the stress equals the intensity of the direct simple stress, and 
the intensities of the tangential stresses are equal to each other. 

91. Sheaking stress. The tangential stress is corainonly 
called a shearing stress. It tends to draw a bodj' sidewise 
along its plane of action, or along another plane parallel to its 
plane of action. Its action may be illustrated as follows : — 
Suppose that a pile composed of thin sheets or horizontal layers 
of paper, boards, iron, slate, or other substance, having friction 
between the several layers, be acted upon by a horizontal force 
applied at the top of the pile, tending to move it sidewise. It 
will tend to draw each layer upon the one immediately beneatli 
it, and the total force exerted between each layer will equal the 
applied force, and the resistance at the bottom of the pile will 
be equal and opposite to that of the applied force. If other 
horizontal forces are applied at different points along the ver- 
tical face of the pile, the total tangential force at the base of 
the pile will equal the algebraic sum of all the applied forces. 

A shearing stress and the resisting force constitute a couple, 
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and as a single couple cannot exist alone, so a pair of shearing 
stresses necessitate another pair for equilibrium. 

When the direct simple stresses on the faces of a rectangular 
paraUelopipedon are of equal intensity, the shearing stresses 
will he of equal intensity. 

Let Fig. 80 represent a paralellopipedon with direct and 
shearing stresses applied to 
its several faces. At pre- 
sent suppose that all the 
forces ai-e parallel to the 
plane of one of the faces, 
as ahfe, and call it a plane 
of the forces ; then will the 
planes of action, which, in 
this case, will be four of the 
faces of the parallelopipe- 
don, be perpendicular to a 
plane of the forces. 

If the direct stress + F 
— — F, and + i'" = — F', they will equilibrate each other. 
The moment of the tangential force T, will be 

Pt X areafc x ah ; 
and of T' 

p't X area ac x hf. 

The couple T.ah tends to turn the element to the right and 
T' to the left, hence, for equilibrium, we have 

Pt x a/reafc x ah = p't x area ao X hf; 
but area fcxah — a/rea ao x hf = the volume of the ele- 
ment, hence 

Pt^p'f (96) 

The effect of a pair of shean^ing , 

stresses is to distort the element, 
changing a rectangular one into a 
rhomboid, as shown in Fig. 81. 

Direct stresses are directly opposed 
to each other in the same plane or on 
opposite surfaces ; shearing stresses sm. 8i. 

act on parallel planes not coincident. 
10 
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92. Notation. A very good notation was devised by Oo- 
riolis, wliicli has been used since 1837, and is now commonly 
employed for the general investigations on this subject. It is 
as follows : — 

Let J? be a typical letter to denote the intensity of a stress 
of some kind ; jp^ the intensity of a stress on a plane normal to 
X ; pxx the intensity of a stress on a plane normal to x and in a 
directiou parallel to x, and hence indicates the intensity of a 
direct simple stress ; and p^ the intensity of a stress on a 
plane normal to x but in the direction of y, and hence indi- 
cates the intensity of a shearing stress. Or, generally, the first 
sub-letter indicates a narmal to the plane of action and the 
second one the direction of action. Hence we have 
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parallel to 



X 



JPx 



yx 



y 

Pm 



Pm 



■ on a plane normal to 



x; 

y\ 

z. 



i'ee P^ P^ 

If direct stresses only are considered, one sub-letter is suffi- 
cient; as^a,,j?j„ or j»,. 

93. Tangential stress eesolved. Let 
T be the tangential stress on the right sec- 
tion AB = A, the section being normal to 
y, then 

Let GD be .an oblique section, normal to 
the axis y' ; x' and x being in the plane of 
the axes y and y' ; then will the angle be- 
tween y and y' be the obliquity of the 
plane CD. This we will denote by iyy'\ 

Let the tangential force be parallel to the axis of x. 

Kesolving this force, we have 

Normal component on OD = T sin iyy') ; 
Tangential component on GD = T cos iyy'). 
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Dividing each of these by arm CD 
have 
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AB -^ cos (yy'), we 



Normal intensity 
Tangential 



-Pv'v' 



T sin {yy') OPS (yy') 
area AB 



= Pyxsm (yy') COS d/y'); 



Tcoa' 



^^''''"^i^aAB =py-<'°^'^yy'y^ 



(97) 



and for a tangential stress on a plane normal to x, resolved 
upon the same oblique plane OJD, we have 



P'v'y' ^P^ cos iyy') sin {yy'); 



(98) 



If the tangential stresses on both planes (one normal to y, and 
the other normal to x) are alike, and the obliquity of the plane 
CD less than 90°, the resultant of their tangential components 
will be the difference of the two components, as given by 
equations (97) and (98) ; that is, it will he j>y,^ — P'y'x>; but 
the normal intensity will be the sum of the components as 
given by the same equations. The reverse will be true in re- 
gard to the direct stresses. 

9i. Let a hody he subjected to a direct simple stress ; it is 
required to find the stresses on any two planes perpendicula/r 
to one another and to the plane of the forces ; also the intensity 
of the stress on a thvrd plane perpendicular to the plane of the 
forces ; and the normal and tangential components on that 
pla/ne. 

Let the forces be parallel to 
the plane of the paper ; A and 
OB, planes perpendicular to one 
another and to the plane of the 
paper, having any obliquity with 
the forces. Let the axis of x 
coincide with OB, and y with 
A 0. Let AB be a third plane, 
also perpendicular to the plane 
of the paper, cutting the other fio. sa. 

planes at anj' angle. Take y' perpendicular to AB and x' 
parallel to it and to the plane of tlae paper. 
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The oblique forces may be resolved normally and tangen- 

tially to the planes AO and 
0£, by means of equations (93) 
and (94). The problem will 
then be changed to that shown 
in Fig. 84, in which one set of 
stresses is simple and direct, and 
the other set tangential; and, 
according to Article 91, the 
intensity of the shearing stress 
on the two planes will be the 



t 



<s 



Fia. 84. 



same ; hence, for this case 



P^ 



■Pv. 



The total normal stress on the plane AB will be the sum of 
the normal components given by equations (93), (94), (97) and 
(98), and the total tangential stress will be the sum of the 
components of the tangential stress given by the same equations ; 
hence 

Vx/t^ = Pxx cos' {yy') + pyg sin' (j/y) + 2fpxy sin (yy') cos (vy') ; ) gg 

Pj/x> =-{pyv —Pxx)- sin. (^yy') cos {yy') + pxv{ cos' [yy') - Bm= (yy') }• . J 

The resultant stress oxv AB will be, according to equation 
(46), e being 90°, 



Pr = '^fv'y' + fy'^ \ 



(100) 



and the inclination of the resultant stress to the normal, y', will 
be 



tan (to') -^^ 



(101) 



95. DiSOTTSSION OF EQUATIONS (99). 

A. Find the indication of the plane on which, there is no 
tangential stress. 

In the 2d of equations (99) make jjj^y = 0, and representing 
this particular angle by (tt'), we find 

tan 2fTT'^ - si" ^V') ^'os W) _ ^p..„ ,., f.„. 
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which gives two angles differing from each other by 90°, or, 
the planes will be perpendicular to one another. 

Hence, hi every case of a direct simple stress upon a pair 
of planes perpendicular to one another and to a plane of the 
stresses, there are tioo planes, also perpendicular to one another 
and to the plane of the stresses, on which there is no tangential 
itress ; and this is true whether there is a shearing stress on 
the original planes or not. 

These tvn) directions are czWeA principal axes of stress. 

Principal axes of stress are the normals to two planes per- 
pendicular to one another on which there is no tangential stress. 

Principal stresses are such as are parallel to the principal 
axes of stress. (In some cases there is a third principal stress 
perpendicular to the plane of the other two.) 

The formulas for the stresses become most simple by refer- 
ring them directly to the principal axes. 

a. Let one of the direct stresses he zero, or pyy = 0. 
Equation 102 gives 

tan 2(ty') = ^ (103) 

h. Let one of the direct stresses le a pull, and the other a 
push. 

Then j?j^ becomes negative, and we have 

tan 2(TT') = -^ (104) 

c. Let them act in opposite senses amd equal to each other. 
Then 

tan2(TT')=-^. (105) 

JPxx 

d. Let the/re be no tangential stress on the original plames, 
orp^ = 0. 

Then, 

tan 2(yy') = ; .-. (yy') = or 90° ; 

and the original planes otq principal pla^nes. 
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e. Let there he no direet stresses. 
Then, 

tan 2(tt') = qo ; or (tt') = 45° or 135° ; (106) 

that is, if on two planes, perpendicular to one another and to the 
plane of the stresses, there are no direct stresses, then will the 
stress on two plants, perpendicular to one another and to the 
plane of the stresses, whose inclination with the original planes 
is 45°, ie simple and direct. 

f. Let the direct stresses he equal to one another and act in 
the same sense, and let there he no shearing on the original 
planes. 

Then 

tan2(YT')=^; 

and (yy') is indeterminate; hence, in this case every plane 
perpendicular to a plane of the stress will be a principal plane. 

Examples. 

1. A rough cube, whose weight is 550 pounds, rests on a 
horizontal plane. A stress of 150 pounds applied at the upper 
face pulls vertically upward, and another direct stress of 125 
pounds, applied at one of the lateral faces, tends to draw it to 
the right, while another direct stress of 50 pounds tends to 
draw it to the left ; required the position of the planes on which 
there are no tangential stresses. 

If the cube is of finite size it will be necessary to modify the 
problem, in order to make it agree with the hypothesis under 
which the formulas have been established. The force of gravity 
being distributed throughout the mass, would cause a variable 
stress, and the surface of no shear would be curved instead of 
plane. We will therefore assume that the cube is without weight, 
and the 550 pounds is applied directly to the lower swrface. 
Then the vertical stress will be 150 pouiids, the remaining 400 
pounds being resisted dh-ectly by the plane oti which it rests, 
and 80 far as the present problem is concerned, only produces 
friction for resisting the shearing stress. The direct horizontal 
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Stress will be 50 pounds, the remaining 75 pounds producing a 
shearing on the horizontal plane. The former force tends to 
turn the cube right-handed by rotating it about the lower right- 
hand corner, thus producing a reaction or vertical tangential 
stress of 75 pounds. Let the area of each face of the cube be 
unity, then we have 

jp^ = 75 pounds ; i?^ = 50 pounds ; ;pyy = 150 pounds ; 
and these in (102) give 

.-. (tt') = - 28° 9' 18", or -f 61° 50' 42". 

If the body be divided along either o^^ these planes, the 
forces will tend to lift one part directly from the other without 
producing sliding Upon the plane of division. 

2. A rough body, whose weight is 100 pounds, rests on an 
inclined plane ; required the normal and tangential components 
on the plane. (Use Eq. (93).) 

3 A block without weight is secured to a horizontal plane 
and thrust downward by a stress whose intensity is 150 pounds, 
and pulled towards the right by a stress whose intensity is 150 
pounds, and to the left with an intensity of 100 pounds ; re- 
quired the plane of no shear. 

4. A cube rests on a horizontal plane, and one of its vertical 
faces is forced against a vertical plane by a stress of 200 pounds 
applied at the opposite face, and on one of the other vertical 
faces is a direct pulling stress of 75 pounds, which is directly 
opposed by a stress of 50 pounds on the opposite vertical face ; 
required the position of the plane of no shear. 

In this case the weight of the cube would be a third princi- 
pal stress, but it is eliminated by the conditions of the problem. 
The shearing stress is 25 pounds; and because the direct 
stresses are unlike, we use Eq. (104). 

5. A rectangular parallelopipedon stands on a horizontal 
plane, and on the opposite pairs of vertical faces tangential 
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stresses of equal intensities are applied ; required the position 
of the plane of no shear. (See Eq. (106).) 

6. In the preceding problem find the intensity of the direct 
stress on the plane of no shear. (Substitute the proper quanti- 
ties in the 1st of (99).) 

B. To find the planes of action for maximum andm,vnimum, 
normal stresses, and the values of the stresses. 

Equate to zero the first differential coefficient of the 1st of 
Equations (99), and we have 



2p^ cos iyy') sin {yy') + ^p^ sin {jjy') cos ij^y') 



- '^JP^ sin^ (S^') + %>»!!, cos^ W) = ; 
.-. tan 2(2/y') = 



I (107) 



,. _ _^^ 



Psac Pyy 



which, being the same as (102), shows that on those planes 
which have no shearing stress, the direct stress will be either a 
maximum or a minimum. Testing this value by the second 
differential coefficient, we find that one of the values of (yy') 
gives a maximum and the other a minimum. 

Comparing (107) with the second of (99), shows that thefi/rst 
differential coefficient of the value of the direct stress on any 
plane equals the shearing stress on that plans. 



From (107), observing that cos (yy') =; 4/I — &v[^{yy'), we 
find 

and these values in the 1st of (99), and the maximum and 
minimum values designated by p^t, give 

p^, - \{p^ + j?j,^) ± ^{lip^ -Prnf +1^^]; (109) 

in which the upper sign gives the maximum, and the lower the 
minimum stress. These are principal stresses, and we denote 
them by one sub-letter. 
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a. Ifpxy = 0, we have 

iyy') = 0° or 90°, as we should. 
i. Ifjpyy = 0, we have 

mam.mum,p^, = \p^ + Vlp'^'rf^; \ 

minim urn, p^ = \jp^ - /jy^+y^; j ^^^^^ 

hence, the niaximnm normal stress will be of the same kind as 
the principal direct stress, j),^; that is, if the latter is a. pull, 
the former will also be a pull, and the minimum principal 
stress will be of the opposite kind. 

c. ff there are no direct stresses p^x will also he zero, and we 
have 

(tt') = 45° or 135° ; 
and 

maximum p^i =Pxy = —J>y> for minimum / 

that is, the principal stresses will have the same intensity as 
the shearing stresses, and act on planes perpendicular to one 
another, and inclined 45° to the original planes. 

Examples. 

1. Suppose that a rectangular box rests on one end, and that 
one pair of opposite vertical sides press upon the contents of 
the box with an intensity of 20 pounds, and the other pair 
of vertical faces press with an intensity of 40 pounds, and that 
horizontal tangential stresses, whose intensities are 10 pounds,. 
are applied to the vertical faces, one pair tending to turn it to 
the right, and the other to the left ; required the position of 
the vertical planes of no shearing, and the maximum and 
minimum values of the direct stresses. 

2. For an application of Equations (103) and (110) to the 
stresses in a beam, see the Author's Resistance of Materials, 
2d edition, pp. 236-240. 

C. To find the position of the planes of maximum and 
minimum shearing. 



(Ill) 
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Equate to zero the first differential coefficient of the second 
of (99) and reduce, denoting the angles sought by {YY'), and 
we find, 

- cot 2{YY') = tan 2(yt'); 

.-. 2ZJ"-2(tt') + 90°; 
or, 

YY' = ty' + 45° ; 

that is, the plames of maximum and minimum shear make 
angles of 4:5 degrees with the PEmciPAi planes. 

D. Let the planes he peinoipal sections. 

Then the stresses will be principal stresses, and p^ = 0. 
Using a single subscript for the direct stresses, equations (99) 
become 

Pv' =T^ cos^ W) +i'j<eiu« (yy') ; 

JPv'^ = (J>^ -I>y) sin iyy') «os {yy'). 
a. Let^^ =iV5 t^^n 

Py'=p^; and^j/^- = 0; 

that is, when two principal stresses are alike and equal on a 
pair of planes perpendicular to the plane of the stresses, the 
normal intensity on every plane perpendicular to the plane of 
the stresses will he equal to that on the principal planes, and 
there will he no shearing on any plane. 

This condition is realized in a perfect fluid, and hence very 
nearly so in gases and liquids, since they offer only a very slight 
resistance to a tangential stress. If a vessel of any liquid be 
intersected by two vertical planes perpendicular to one another, 
the pressure per square inch will be the same on both, and will 
be normal to the planes ; hence, according to the above, it will 
be the sarae upon all planes traversing the same point. This 
is only another way of stating the fact that fluids press equally 
in all directions. 

h. To find the planes on which there will be no normal pres- 
sure. 

For thU py/ in (111) will be zero ; 
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■Wy') = \/^ 



••• tan [yy) = s^^-f ^TZTY; 

which, being imaginary, shows that it is impossible when the 
stresses ai-e alike ; but if they are unlike, we have 

11 p^ = -py, then (jjy') - 45°, and the 2d of (111) gives 

which shows that when the direct stresses are unlike and of 
eqvMl intensity on planes perpendicular to one another, the 
shearing stress on a plane cutting both the others at an angle 
of 45 degrees, will be of tlie same intensity. 

Let {yy') = 45°, or 135°, then (111) become 



Pi/x' = ^k{p=c-Py);) 

in the latter of which the upper sign gives a maximum, and the 
lower a minimum value. 

Using the upper sign, we find 

Px=Py'+Pyv;\ 
Pv-Pv'-JPv'^- I 

96. PROBLEM. Fimd the plane on which the obliquity of the 
stress is greatest, the intensity of that stress, and the angle of 
its ohliquity. 

Let the stresses be principal stresses and of the same kind, 
and <j> the angle of obliquity of the required plane to the stress ; 
then 

sin<^=-t^^ — —; the intensity = i/(pxPy)', and the angle be- 

px '^ Py 

tween the principal plane x and the required plane = 45°— \j>. 
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If the principal stresses are unlike, then 

sin ^' =:^"L^; the intensity = V—p^^y, and the angle be- 
tween the principal plane x, and the oblique plane = 45° — i<^'. 

Example. 

If a body of sand is retained by a vertical wall and the 
intensity of the horizontal push is 25 pounds, and of the ver- 
tical pressure is 75 pounds ; required the plane on which the 
resultant has the greatest obliquity, and the intensity of the 
stress on that plane. 

CONJUGATE STEKSSES. 

97. A pair of stresses, each acting parallel to the plane of 
action of the other, and whose action-lines are parallel to a 
plane which is perpendicular to the line of intersection of the 
planes of action, are called conjugate stresses. 

Thus, in Fig. 85, one set of stresses 
acts on the plane YY, parallel to the 
plane XX, and the other set on XX, 
parallel to YY. In a rigid body the 
intensities of these sets of stresses are 
independent of each other; for each 
set equilibrates itself. Principal 
stresses are also conjugate. 

There may be three conjugate stresses 
in a body, and only three. For, in 
Fig. 85, there may be a third stress on the plane of the paper, 
which may be parallel to the line of intersection of the planes 
XX and YY, and each stress will be parallel to the plane of the 
other two. A fourth stress cannot be introduced which will be 
conjugate to the other three. 

Conjugate stresses may be resolved into normal and tangen- 
tial components on tlieir planes of action, and treated according 
to the preceding articles. The fact that the stresses have the 
same obliquity, being the complement of the angle made by 
the planes, simplifies some of the more general problems of 
stresses. 




GENERAL PROBLEM. 



157 



GENERAL PROBLEM. 

98. Oimn the stresses on the three rectangular coordinate 
planes ; required the stresses on any oUigioe plane in any re- 
quired direction. 

As before, the element is supposed to be indefinitely small. 
Let abc be the oblique plaue, the 
normal to which designate by n. 
The projection of a unit of area of 
this plane on each of the coordinate 
plains, gives respectively 

cos (nic), cos {ny), cos [m). 
The direct stress parallel to a? l^ 

acting on the area cos {nx) will y/ 
give a stress of p^x cos {nx), and fig. 86. 

the tangential stress normal to y and parallel to x will produce 
a stress jjj^ cos (ny), and siiiiilai-ly the tangential stress normal 
to z and parallel to x gnGBp^c cos {ns) ; hence the total stress 
on the unit normal to n and parallel to x will be 

Pnx = Pxx COS {nx) + py^ cos {ny) + p^^ cos {m) ; - 




(114) 



similarly. 

Pnv = Pxv cos (nx) +Piiy COS (ny) + p^y cos (nz) ; j 
Pni = Pxi COS {m) + pyi iiO%{ny) + p>zz cos {m). J 

Let these be resolved in any arbitrary direction parallel to s. 
To do this multiply the first of the preceding equations by cos 
(sx), the second by cos {sy), and the third by cos {sz), and add 
the results. 

For the purpose of abridging the formulas, let cos (nx) be 
written Gnx, and similarly for the others. Then we have 
p^ =1 p^QrvxQsx + pyyGnyGsy + p^^GnzGsx \ 

+Pi/z(CnyCs3 + GnsGsy) +p2x{Gji2Gsx v (115) 
+ GmcGsz) + pxy (GnxGsy + GnyGsx). ) 
This expression being typical, we substitute x' for n and s, 
and thus obtain an expression for the intensity on a surface 
normal to x' and parallel to x'. Or generally, substitute suc- 
cessively x', y', z' for n and s, and we obtain the following 
formulas : 
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DIRECT STEESSBS. 

+ ^:,J^zx'Cxx'+ '2^^Caix'Oyx' ; 

+ 2j?«C32/' Qixy'+ ^p^Cxy'Cyy' ; 

p^^ =pJJxz' +Pm(yyz' +pjyez' + '^ySyyz'Gzz' 
+ 2^„C33'0a3s' + 'ip^Gx^Oyz' ; 

TAKGENTIAL STRESSES. 

IPy'z' = ^K«Ca;y'Caj3' + pyy Oyy'Qyz' + i^^ Csy'Gzz' 

+ Czz'Qxy') + p^{Qiiiyy'Cyz' + Qxz'Cyy') ; 

p^^ = ^aa-Ctca'Ciea?' + pyyCyz'Gyx' + j>JGzz'Gzxf 
■^PyJ{Qx2'Qzx,' + Cyx'Czy') + p^JGzz'Qxx' + Csas'Cte^') 
' +P==u {Gxz'Cyz' + Ca^'Cya') ; 

p^y, = p^Cxx'Cxy' + pyyCyx'Cyy' + pj:izx'Qzy' 

+PylGyx'Cizy' + Oyy'Gzx') +p,J,CzaiGxy' + Czy'Gxx') 

+ Jpxv^xx'Gyy' + Cxy'Cyx'). 

It may be shown that for every state of stress vn a hody there 
are three planes perpendicular to each other, on vjhich the stress 
is entirely normal. 

[These equations are useful in discussing the general Theory 
of ths Elasticity of Bodies.'] 

These formulas apply to oMique axes as well as right, only it 
should be observed when they are oblique that pyig/ is not a 
stress on a plane normal to y' , parallel to z', but on a plane nor- 
mal to x' resolved in the proper direction. 
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99. Def. If the point of application of a force be moved 
in the most arbitrary manner an indefinitely small amount, the 
projection of the path thus described on the 

original action-line of the force is called a h 

virtual velocity. The product of the force /H ^ 

into the virtual velocity is called the tivrtual '' ^ m 
moment. Thus, in Fig. 87, if a be the point of 
application of the force F, and ah the arbitrary displacement, 
ac will be the virtual velocity, and F.ac the virtual moment. 

The path of the displacement must be so short that it may be 
considered a straight line ; but in some cases its length may be 
finite. 

If the projection falls upon the action-line, as in Fig. 87, the 
virtual velocity will be considered positive, but if on the line 
prolonged, it will be negative. 

100. Peop. If seDeral concurring forces are in equilibrium, 
the algebraic sum of their virtual rnoments will he zero. 

Using the notation of Article (47), and in addition thereto 
let 

I be the length of the displacement ; and 
jp, q, and r the angles which it makes with the respective 
coordinate axes; 

then will the projections of I on the axes be 

I cos^, I cos q, I cos r, 

respectively. Multiplying equations (50), by these respect- 
ively, we have 

i^ cos ai I co%p + F2 cos tta I cos^ -I- etc. = ; 

F. cos ^, I cos q + Fi cos /Sj I cos q f etc. = ; 

Fi cos 7i I cosr + Fi cos 73 Icxtsr + etc. = 0. 



160 VIRTUAL VELOCITIES. flOl.] 

Adding these together term by term, observing that 
cos a cos J) + cos ^ coa q + cos 7 cos r- = cos {Fl) ; 
which is the cosine of the angle between the action-line of F 
and the line I; and that I cos (Fl) = Sf (read, variation/) 
is the virtual velocity of F, we have 

F,df, + FSf, + FSf, + etc. = SFBf = ; (116) 
which was to be proved. 

101. If any numher of forces in a system are in equilib- 
riitm, the mm of their virtual moments will he zero. 

Conceive that the point of application of each force is con- 
nected with all the others by rigid right lines, so that the action 
of all the forces will be the same 
as in the actual problem. If any 
of the lines thus introduced are 
not subjected to strain, they do 
not form an essential part of the 
system and may be cancelled at 
iirst, or considered as not having 
been introduced. Let the system 
receive a displacement of the 
most arbitary kind. At each ^"'" ^' 

point of application of a foi'ce or forces, the strains in the rigid 
lines which meet at that point, combined with the applied 
force or forces at the same point, are. necessarily in equilibrium, 
and by separating it from the rest of the system, we have a 
system of concurrent forces. Hence, for the point B, for in- 
stance, we have, according to (116), 
Fhf + F^hf + etc. + BCSBG+BA8BA + BDIBD = ; 

in -which BCy etc., are used for the tension or compression 
which may exist in the line. But when the point C is consid- 
ered, we will have .5 6*85 C with a contrary sign from that in 
the preceding expression, and hence their sum will be zero. 

Proceeding in this way, as many equations may be estab- 
lished as there are points of application of the forces ; and 
adding the equations together, observing that all the expressions 
which represent strains on the lines disappear, we finally have 

5i^'S/=0. (117) 
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The converse is evidently true, that when the sum of the mr- 
tual moments is zero the system is in equilihrium. 

Equations (116) and (117) are no more than the vanishing 
equations for work. If a system, of forces is in equilibrium it 
does no work. This principle is easily extended to Dynamics. 
For, the work which is stored in a moving body equals that 
done by the impelling force above that which it constantly does 
in overcoming resistances. Thus, when friction is overcome, 
the impelling forces accomplish work in overcoming this resist- 
ance, and all above that is stored in tlie moving mass. Letting 
a be the resultant of all the impressed forces producing 
motion, and s the path described by the body, we have 

ESr- ^m^Ss^O. (118) 

This is the most general principle of Mechanics, and M. 
i] Ogon(k- e made it the fundamental principle of his celebrated 
work on Mihwni^ue Analytiqu^, which consisted chiefly of a 
discussion of equation (118). 

Examples. 

1. Determine the conditions of equilibrium of the straight 
lever. 

Let AB be the lever, having 
a weight P at one end and W at 
the other, in equilibrium on the 
fulcrum <r. 

Conceive the lever to be 
turned intinitesimally about G, fig. 89. 

taking the position CD, then will Aa, which is the pi-ojec- 
tion of the path AC on the action-line of P, be the virtual 
velocity of P ; and similarly Pb will be the virtual velocity of 
W. The former will be positive and the latter negative ; hence 

P.Aa - W.Bl^ 0. 

The triangles AaC and ACQ at the limit are similar, having 
the right angles AaC and ACQ, aAC — AGC, and the re- 
maining angle equal. Similarly, hDB is similar to BOP. 
11 
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which, substituted in the preceding expression, gives 

P.Aa =^W.BO; 

that is, the weights are inversely proportioned to the arms. 

If the lever be turned about the end A, we would find in 
a similar manner that {P + W).AG — W.AB; in which 
jP + TF" is the reaction sustained by the fulcrum G. 

2. Find the conditions of 
equilibrium of the bent lever. 

Let ^6^ and GP be the arms 
of the lever and G the fulcrum. 
Let it be turned slightly about 
G ; then will Aa and £b be the 
respective virtual velocities of 
Fio. 90. P and W; 

.: - P.Aa + W.iB = 0. 

From G draw GO perpendicular to PA, then will the tri- 
angle A CG be similar to AaA', having the angle AaA' = A CG; 
and a A A! = CGA. Similarly, the triangle BDG is similar to 
BIB'-^ 

Aa _ GC 
•'• Bb- GD' 

which, combined with the preceding equation, gives 

P.GC= W.GD; 

that is, the weights are inversely jproportional to their horison- 
tal dista/nces from the fulcrum,. 

3. Find the conditions of equilibrium of the single 
pulley. 

In Fig. 91, let the weight P be moved a distance 
equal to ah, then wiU W be moved a distance od = 
ai; hence, we have 

- P.ab + W.cd = ; .: P = W. 



r^ 



a 



P W 

Via. 91. 
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■4. On the inclined plane AC, a, weight P is held by a 
force W acting parallel to the plane ; 
required the relation between jP and 
W. 

de = ab will be the virtual velocity 
of W, and ac that of P ; and we have 

- P.ac + W.al = 0. 

From the similar triangles aic and 
ABC, we have 




Fio. 92. 



ac 
ab 



CB 

AC 




P:W :: AC: 

5. On the inclined plane, if the 
weight P is held by a force W, 
acting horizontally, required the 
relation between P and W. 

The movement being made, cd 
will be the virtual velocity of W, 
which at the limit equals ae, 
and be will be the virtual velo- 
city of P, and we have fio. 93. 

- Phe + W-ae = ; and a« : e5 : ; AB : BC, 
.-.P.CB^ W.BA; 
or, the weight is to the horizontal force as the base of the tri- 
angle is to its altitude 

6. In Fig. 27 show that Pdr = Wdy. 

7. One end of a beam rests /^ \f^' 
on a horizontal plane, and the 
other on an inclined plane ; re- 
quired the horizontal pressure 
against the inclined plane. 

This involves the principle 
of the wedge ; for the block 
AB C may represent one-half of 
a wedge being forced against the resistance W. Conceive the 
plane to be moved a distance AA', and that the beam turns 




w * 



Fio. 94. 
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a.bont the end D, but is prevented from sliding on the plane ; 
then will the virtual velocity of the horizontal pressure be AA\ 
and that of the weight will be Eo ; hence, for equilibrium we 
have 

W.Ec - PAA' = 0. {a) 

We now find the relation between Eo and AA', 
Let I = DF, the length of the beam ; 

a = DE, the distance from D to the centre of gravity of 

the beam ; 
a= GAB; ^ = ABE. 
The end at F will describe an arc FF' about Z> as a centre. 
From F' draw F'd parallel to AA!, and from F drop a per- 
pendicular Fe upon dF' . Then, from similar triangles, we 
have 

F6 = ^- Ec, 
a 

FF' will be perpendicular to BE, and Fe perpendicular to 
dF', hence 

eFF' = ADE^ ^•,dFe=. 90° a; 
.-. dFF' = 90°-a + ;3; 



and 



FF' = FeBecB = - Ecaec ^8. 



The triangle EdE' gives 

FF' sin a 



AA' = dF' sin (90'' — a + /B)' 
hence, 

Eg _ a sin a cos 
AA! ~ 1 cos {a-^y 

which, substituted in equation {a), above, gives 

p _ Tn- « sin a cos /3 

I cos (a — y8)' 

8. Deduce the formula for the triangle of forces from the 
principle of Virtual Yelocities. 



CHAPTER YII. 

MOMENT OF INE&TIA. 

(This chapter may be omitted until its principles are needed hereafter (see 
Ch. X) Although the expression given below, called the Moment of Inertia, 
comes directly from the solution of certain mechanical problems, yet its prin- 
ciples may be discussed without involving the idea of force, the same as any 
other mathematical expression. The term probably originated from the idea 
that inertia wa£ considered a force, and in most mechanical problems which 
give rise to the expression the moment of a force is involved. But the expres- 
sion is not in the form of a simple moment. If we consider a moment as the 
product of a quantity by an arm, it is of the form of a moment of a moment. 
Thus, dA being the quantity, ydA would be a moment, then considering this 
as a new quantity, multiplying it by y gives y^dA, which would be a moment 
of the moment. Since we do not consider inertia as a force, and since all 
these problems may be reduced to the consideration of geometrical magnitudes, 
it appears that some other term might be more appropriate. It being, how- 
ever, universally used, a change is undesirable unless a new and better one be 
univenally adopted.) 

DEFINITIONS. 

102. The expression,/y'(^J., in which dA represents an ele- 
ment of a body, and y its ordinate from an axis, occurs fre- 
quently in the analysis of a certain class of problems, and hence 
it has been found convenient to give it a special name. It is 
called the moment of inertia. 

THE MOMENT OF INERTIA OF A BODY 

is the sum of the products obtained ly multiplying each element 
of the hody by the squa/re of its distance from an axis. 

The axis is any straight line in space from which the ordinate 
is measured. 

The quantity dA may represent an element of a line (straight 
or curved), a surface (plane or curved), a volume, weight, or 
mass ; and hence the above definition answers for all these 
quantities. 
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The moment of inertia of a plane surface, when the axis lies 
in it, is called a rectangular moment ; but when the axis is 
perpendicular to the surface it is called ^jpolar moment. 



103. Examples. 

1. Find the moment of inertia of a rect- 
angle in refei-euce to one end as an axis. 

Let h = the breadth, and d = the depth 
of the rectangle. Take the origin of coor- 
dinates at 0. 

We have dA = dydx ; 

I y^dydx — ^ I y^dy = JSc?. 




Fio 95. 



and 



/= 



X- 



2. What is the moment of inertia of a 
rectangle in reference to an axis through 
the centre and parallel to one end ? 

"■^ Ans. ^fid^. 

3. What is the moment of inertia of a 
straight line in reference to an axis through 

one end and perpendicular to it, the section of the line being 
considered unity \ 

Ans. \1?. 

4. Find the moment of inertia of a circle in reference to an 
axis through its centre and perpendicular to its surface. 
We represent the polar Tuioment of inertia by I^. 

Let r = the radius of the circle ; 
p = the radius vector ; 
= the variable angle ; then 
dp = one side of an elementary rectangle ; 
pd6 = the other side ; and 
dA = pdpdd ; 

, and, according to the definition, we have 

pHpdd = ^r*. 
'0 -^0 



is>^ 
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5. Wliat is the moment of inertia of a circle in reference 
to a diameter as an axis? (SeeArticle 105.) 

Ans. ^r*. 

6. What is the moment of inertia of an ellipse 
in reference to its major axis ; a being its semi- 
major axis and 5, its semi-minor? ^'o- ^■ 

Ans. ^ab^. 

7. Find the moment of inertia of a triangle in reference to 
an axis through its vertex and parallel to its base. 

Let i be the base of the triangle, d its altitude, and x any 
width parallel to the base at a point whose ordinate is y ; then 
dA — xdy, and we have 

1= I I ^xdy = -^ \ fdy = \hd?. 

8. What is the moment of inertia of a triangle in reference 
to an axis passing through its centre and parallel to the base ? 

Ans. -^^hd^. 

9. What is the moment of inertia of an isosceles triangle in 
reference to its axis of symmetry ? 

Ans. -^-gb^d. 

10. Find the moment of inertia of a sphere in reference to a 
diameter as an axis. 

The equation of the sphere will he a? + y^ + ^ == li^. The 
moment of inertia of any section perpendicular to the axis of x 
will be ^Try* ; hence for the sphere we have 

/•4-r rr 

r= / ^y'dx = TT / {E"- a?f dx = ^E^. 

U —r «-'^ ' 

FOEMULA OF EEDUOTION. 

104. The moment of inertia of a hody,in reference to any 
axis, equals the moment of inertia in reference to a parallel 
axis passing through the centre of the body plus the product 
of the area {or volume or mass) hy the square of the distance 
between the axes. 



168 



FOEMTJLA OF REDtTCTION. 



[104.J 




This proposition for plane areas was proved in Article 80. 

To prove it generally, let Fig. 98 re- 
present the projection of a body upon the 
plane of the paper, B the projection of 
an axis passing through the centre of the 
body, A any axis parallel to it, O the 
projection of any element; AC — r, BG 
= n, the angle CBB — 6, and V = the 
Yolume of the body. 

Then 



ii = fr^d V will be the moment of inertia of the volume in 
reference to the axis through the centre; and 

I =fr^dV, the moment in reference to the axis through A. 

Let AB ^= D, then AE = I) + ricoee, and r^ = n^ sin^ 
+ (Z> + /"i cos 6f ; 

.-. f'^dV^fr^dV + 2i)//-i cos BdV ^ B^fdV. 

But fr^ cos OdV = 0, since it is the statical moment of the 
body in reference to a plane AD passing through the centre 
perpendicular to the plane of the paper, and the preceding 
equation becomes 

/= /i -f- VI?; (119) 

which is called iheformida. of reduction. 
From this, we have 

k = I- FZ)l (120) 



Examples. 

1. The moment of inertia of a rectangle in reference to one 
end as an axis being i^i^^ required the moment in reference 
to a parallel axis through .the centre. 

Equation (120) gives 

/i = \ld? - Id {^df = }^hd\ 

2. Given the moment of inertia of a triangle in reference to 
,an axis through its vertex and parallel to the base, to find the 
moment relative to a parallel axis through its centre. 
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Example 7 of the preceding Article gives /= JW ; hence 
equation (120) gives 

I, = Ihd^ - \ld {\df = ^M» 

3. Find the moment of the same triangle in reference to the 
base as an axis. 
Equation (119) gives 

/ = ^\M' + \M {Uf = ^d\ 

105. To FmD THE EELATION BETWEEN THE MOMENTS OF IN- 
EETIA IN KEFEKENCE TO DIFFERENT PAIRS OF EEOTANGULAE 
AXES HAVING THE SAME ORIGIN. 

Let X and y be rectangular axes, 
a3i and y^, also rectangular, 
having the same origin ; 
a = the angle between x 

and Xi ; 
Jx = the moment of inertia 
relatively to the axis 
X, similarly for 
I^,Ix, and Jyj 
_B — pxydA ; and 
A =fXiyidA. 

For the transformation of coordinates we have 

»! = a? cos a — y sin a ; 
y^ z=^ X sin a + y cos a ; 




Also 



Hence, 



x^ + y^ = a? + ^. 
dA = dxdy = dx^dy^. 



Ix^ ^fy^ dA — TxKOS^ o- + ly siii^ a —2B cos a sin o ; 

Jy^ = I^ sin^ a + ly cos^ a + 'hli cos a sin a ; 

By = {Ix — ly) cos a sin a + ^ (cos^ a — sin' a) ; 

• '• J-Xi T J-yi '^^ J-x "V iy ^ -'iJ ) 



(121) 



the last value of which is found from the expression J'y^dA + 
fx^dA — f{y^ + xl) dA —fpHA — Ij,; which shows that the 
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polar moment equals the sum of two rectangular moments, the 
origin being the same. If the rectangular moments equal one 
another, we have Ip = 2Ix ■ Thus, in the circle, Jp — iirr*. 
(See Ex. 4, Article 103), hence I^ = ^r*: 

The last of equations (121) is an isotropic function; since 
the sum of the moments relatively to a pair of rectangular 
axes,equals the sum of the moments relatively to any other pair 
of rectangular axes having the same origin ; or, in other words, 
the sum of the moments of inertia relatively to a pair of rect- 
angular axes, is constant. 

To find the maximum or minimum moments we have, from 
the preceding equations, 



da 
and 



= — {Ix — ly) cos a sva. a — B (cos^ a — svo? a) = 0; 



-j^ — + {Ix— ly) C0& a &m a + B (cos^ a — sin^ a) = ; 

.-. ^1=0. ' 

From the first or second of these we have 
2B 2 cos a sin a 



Ix — ly cos^ a — siu^ a 



= tan 2a. 



It may be shown by the ordinary tests that when I^^ is a 
maximum, ly^ will be a minimum, and the reverse ; hence 
there is always a pair of rectangular axes in reference to one 
of which the moment of inertia is greater than for any other 
axis, and for the other it is less. 

These are called principal axes. 

Thus, in the case of a rectangle, if tlie axes are parallel to 
the sides and pass through the centre, we find 

r r\id 
B= xydA = 0; i " ., 

■^ -^ -id 

hence x and y are the axes for maximum and minimum 
moments ; and if ^ > 5, -^bd^ is the maximum, and ^^b^d a 
minimum moment of inertia for all axes passing through the 
origin. In a similar way we find that if the origin be at any 
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in 



other point the axes innst he parallel to the sides for maximum 
and ininimmn moments. 

The preceding analysis gives the position of the axes for 
maximum and minimum moments, when the moments are 
known in reference to any pair of rectangular axes. But if the 
axes for maximum and minimum moments are known as I^ and 
ly, then ^ = 0; and calling these I^' and ly,, Eqs. (121) 
become 

I^^ = I^ cos^ a + ly' sin^ a ; ) 



Z,, = X/ sin^ a + lyi cos^ a ; 



'^Vi 



(121) 



B^ = {Ix' — lyi) COS a sin a. ) 

In the case of a square when the axes pass through the 
centre Ix' — ly' ; 

.•. I^^ = I^, (cos^ a + sin^ a) — I^/; 
Ty^ = ly,, and 
A = 0; 

hence the moment of inertia of a square is the same in refer- 
ence to all axes passing through its centre. The same is true 
for all regular polygons, and hence for the circle. 




Examples. 

1. To find the moment of inertia of a rect- 
angle in reference to an axis through its cen- ^ ^ 
tre and inclined at an angle a to one side, we 
have 

Ix = -i^hd^ and ly = -^^h^d 
:. Ix^ = -^hd {d^ cos^ a + ¥■ sin^ a) ; 

ly^ = ^^hd [d^ %iv? a + ¥ cos^ a). fig. lOO. 

2. To find the moment of inertia of an isosceles triangle in 
reference to an axis through its centre and inclined at an angle 
a to its axis of symmetry. 

We have I^ = ^\M^ and ly = ^jb^d, in which h is the base 
and d the altitude ; 

.-, I - J^ld {d"" C0B« a + W sill" a) 
I, = ^\l)d {d-' sin^ a + W cos* a). 

The moment of inertia of a regular polygon about an axis 
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through its 'centre may be found by dividing it into triangles 
having their vertices at the centre of the polygon, and for 
bases the sides of the polygon ; then finding the moments of 
the triangles about an axis through their centre and parallel to 
the gi\-en axis and reducing them to the given axis by the for- 
inula of reduction. 

If R be the radius of the circumscribed circle, r that of the 
inscribed circle, and A the area of the polygon ; then, for a 
A B I'egular polygon, we would find that 

For the circle R ^= r, 
as before found. 




For the square, r ^=: ^h, R ^= h V2, and A 
as before found. 



I — -i¥ 




Fis. 102. 



106. Examples of the moment of iNEE-riA of solids. 

(The following results are taken from Moslej's Mechanics and Engineering.') 

1. The moment of inertia of a solid cylinder 
about its axis of symmetry, r being its radius and 
h its height, is ^TrAr*. 

2. If the cylinder is hollow, c the thickness of 
the solid part and R the mean radius (equal to 
one-half the sum of the external and internal radii) 
then 7= 27rAc^ (E" + \(?). ' 

3. The moment of inertia of a cylinder in reference to an 
axis passing through its centre and perpendicular to its axis of 
symmetry is \irhr^ {j^ + \W). 

4. The moment of inertia of a rectangular paral- 
lelopipedon about an axis passing through its cen- 
tre and parallel to one of its edges. Let a be the 
length of the edge parallel to the axis, and b and c 
the lengths of the other edges, then 1= ^abc 
(P + 6'*) = yV "/ the volume multiplied hy the 
Fio. 103. square of the diagonal of the base. 
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5. The moment of inertia of an upright triangular prism 
liaving an isosceles triangle for its base, in reference 
to a vertical axis passing througli its centre of 
gravity. 

Let the base of the triangle be a, its altitude b, and 
the altitude of the prism be h, then 

Via. 104. 

6. The moment of inertia of a cone in reference to an axis 
of symmetry is -^^irrh^. {r being the radius of the base and h 
the altitude.) 






Fie. 106. Fig. 107. 

7. The moment of inertia of a cone in reference to an axis 
through its centre and perpendicular to its axis of symmetry is 
-^^■m^h (/^ + Ifi). 

8. The moment of inertia of a sphere about one of its diam- 
eters is -^-girli^. 

9. The moment of inertia of a segment of a sphere about a 
diameter parallel to the plane of section. 

Let i? be the radius of the sphere, and h 
the distance of the plane section from the 
centre, then 
/ = ^tjTT (1 QJ^ + 157^*5 + IQE'ly' - %% Pia. lus. 




EADIUS OF GTEATION. 

107, We may conceive the mass to be concentrated at such 
a point that the moment of inertia in reference to any axis will 
be the same as for the distributed mass in reference to the same 
axis. 

The radius of gyration is the distance from the moment 
axis to a point in wliich, if the entire mass be concentrated, the 
moment of inertia will be the same as for the distributed mass. 
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The princvpal radius of gyration is the radius of gyration 
in reference to a moment axis through the centre of the mass. 
Let k — the radius of gyration ; 

ki = the principal radius of gyration ; 
M = the mass of the body ; and 
D = the distance between parallel axes ; 
then, according to the definitions and equation (119), we have 
Mk? = Smt^ (122) 

= ^mr,^ + MD^ 
= Mh^ + Miy; 
.-. ¥=k^ + IP; (123) 

from which it appears that ^ is a minimum, for 2? = 0, in which 
case k = k^; that is, the priruyipal radius of gyration is the 
minimum radius for parallel axes. 
We have 

I^= Mk^; 

. Z.2 _ A . 

hence, the square of the principal radius of gyration equals the 
moment of inertia .in reference to a moment axis through the 
centre of the body divided by the mass. 

Examples. 

1. Find the principal radius of gyration of a circle in refer- 
ence to a rectangular axis. 

Example 5 of Article 103 gives, I^ = ^i"^, which is the 
moment of an area, hence, we use wt^ for M, and have 



h^=^-^. 



2. For a circle in reference to a polar axis, k^ = ^. 

3. For a straight line in reference to a moment axis perpen- 
dicular to it, k^ — ylj?. 

4. For a sphere, k^ — f r*- 

5. For a rectangle whose sides are respectively a and h, in 
reference to an axis perpendicular to its plane, k^=^^ {a^+V). 

6. Find the principal radius of gyration of a cone when the 
moment axis is the axis of symmetry. 



CHAPTEE VIII. 

MOTION OF A PARTICLE FEEE TO MOVE IN ANT DIRECTION. 

108. A free, material particle, acted upon by a system of! 
forces which are not in equilibrium among themselves, will 
describe a path which will be a straight or a curved line. 

The direction of motion at any point of the path will coincide 
with that of the acticn-iine of the resultant of all the forces 
which have been impressed upon the particle prior to reaching 
the point, which will also coincide with the tangent to the path 
at that point. 

Let ds be an element of the path described by the particle in 
an element of time dt ; R the resultant of the impressed forces, 
and m the mass of the particle; then, according to Article 21, 
we have 

Let a be the angle between the action-line of the resultant 
B (or of the arc ds) and the axis of x ; multiplying by cos a, 
we have 



i?co8a 



»^ ^ cos a = ; 



in which R cos a is the x-cooiiponent of the resultant, and 
according to equation (51) equals X; or, in other words, it is 
the projection of the line representing the resultant on the 
axis of a; ; dJ^s cos a is the projection of dh on the axis of x, and 
is d'x. Hence, the equation becomes. 



m 



d^x 



= 0; 



and similarly, 



^ df~ ' 



(124) 
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which are the equations for the motion of a particle along the 
coordinate axes ; and are also the equations for the motion of 
a body of finite size when the action-line of the resultant passes 
through the centre of the mass. They are also the equations 
of translation of the centre of any free mass when the forces 
produce both rotation and translation ; in which case m should 
be changed to M to represent the total mass. See Article 38. 

VELOOITT AND LmNG FOECE. 

109. Multiplying the first of equations (124) by dx, the 
second by dy, and the third by ds, adding and reducing, give 

Xdx + Ydy + Zdz — ^mdl— ^ ^ j = ^d-rr^; 

and integrating gives 



/ 



{Xdx + Ydy + Zdz) = Jto ^^ = i"^'"^ + ^'• 

The first member is the work done by the impressed forces ; 
for if JR be the resultant, and s the path, then, according to 
Article 25, equation (26), the work will be fUds, and by pro- 
jecting this on the coordinate axes and taking their sum, we 
have the above expression. The second member is the stored 
energy plus a constant. 

Let X, Y, Z be known functions of x, y, z, and that the 
terms are integrable. (It may be shown that they are always 
integrable when the forces act towards or from fixed cenires.) 
Performing the integration between the limits «„, y^, s„, and 
Xi, y-i, Si, we have 

"^ {^0^ 2/o> ^o) - </> K, 2/1, si) = im {v„ - V,) ; (125) 

hence, the work done by the impressed forces upon a body in 
passing from one point to another equals one-half the difference 
of the living forces at those points. It also appears that the 
velocity at two points will be independent of the path desci-ibed ; 
also, that, when the body arrives at the initial point, -it will 
have the same velocity and the same energy that it previously 
had at that point. 
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Examples. 

l.Ifa lody is projected into space, and acted upon only ly 
gravity and the impulse / required the curve described by the 
projectile. 

Take the coordinate plane xy in the 
plane of the forces, x horizontal and y 
vertical, the origin being at the point from 
which the body is projected. 

Let W = the weight of the body ; 

F= the velocity of projection ; and 
a = BAX = the angle of elevation 

at which the projection is made, 
We have, 

X=0; Y^-mg; Z = ; 
and equations (124) become 




£ EX 

Fia. lO'J. 



3=0; 



cpy 
~di^ 



= 0. 



Integrating, observing that v cos a will be the initial velocity 
along the axis of x, and v sin a that along y, we have, 

dx 



dt 



= V cos a ; 



-J —v^vo.a — gt', 

Cut 

and integrating again, observing that the initial spaces are zero, 
we have, 

x = vte,\\i a; ] 

y = vtco& a — igt\ J 
Eliminating t from these equations, gives 

y = xta.na — r—f- — 5— ; (J) 

^ 2^^cos^.-' ^ ' 

which is the equation of the common parabola, whose axis is 

parallel to the axis of y. 
12 
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Let h be the height through which a body must fall to acquire 
a velocity «, then i? — 2gh, and the equation (5) becomes, 

a? 

y = X tan a — ti ■ (c) 

^ 4A cos a ^ ^ 

To find the range AE, 
make y = in equation (5), and we find x = 0, and 

X ^ AE=^ 4A cos a sin a = 2h sin 2a ; (cl) 

which is a maximum for a — 45°. The range will be the same 
for two angles of eleyation, one of which is the complement of 
the other. 

T/ie greatest height, 
will correspond to a; = A sin 2a, which, substituted in (b), gives, 

h sin^ a. (e) 

The velocity at the end of the time t 



IS, 

¥= 



■or, by eliminating t by means of the first of equations (a), we 



V=v^-2gxt^na+^^^. ig) 

The direction, of motion at any point 
is found by differentiating equation (c), and making 

dy X 

tan = -ji^ = tan a — j-j . (h) 

dx 2Acosa ^ ' 

At the highest point Q — 0, :.x — h sin^ a, as before found. 
For x — 2h sin 2a, we have, 

tan 5 =: — tan a, 

or the angle at the end of the range is the supplement of the 
angle of projection. 

2. A body is projected at an angle of elevation of 45°, and 
has a range of 1,000 feet ; required the velocity of projection, 
the time of flight, and the parameter of the parabola. 
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3. Wlaat must be the angle of elevation in order that the 
liorizontal range may equal the greatest altitude ? What, that 
it may equal n times the greatest altitude ? 

4. Find the velocity and the angle of elevation of a projectile, 
so that it may pass throngh the points whose coordinates are 
x^ = 400 feet, y^ — 50 feet, aij = 600 feet, and y^ = 40 feet. 

5. If the velocity is 500 feet per second, and the angle of 
elevation 45 degrees ; required the range, the greatest elevation, 
the velocity at the liighest point, the direction of motion 6,000 
feet from the point of projection, and the velocity at that point. 

6. If a plane, whose angle of elevation is *, passes through 
the origin, find the coordinates of the point C, Fig. 109, where 
the projectile passes it. 

7. In the preceding problem, if * is an angle of depression, 
find the coordinates. 

8. Find the equation of tlie path when 
the body is projected horizontally. 

9. If a body is projected in a due south- 
erly direction at an angle of elevation a, 
and is subjected to a constant, uniform, 
horizontal pressure in a due easterly direc- 
tion ; required the equations of the path, neglecting the resist- 
ance of the air. 

"We have 

X = ; Y= — rrig; Z = F{a. constant). 
The projection of the path on the plane xy will be a para- 
bola, on X2 also a parabola. 

10. If a body is projected into the air, and the resistance of 
the air vaiies as the square of the velocity ; required the equa- 
tion of the curve. 

(The final integrals for this problem cannot be found. Approximate solu- 
tions have been made for the purpose of determining certain laws in regard to 
gunnery. It is desirable for the student to establish the equations and make 
the first steps in the reduction. ) 

(The remainder of this chapter may be omitted without detriment to what 
follows it. It, however, contains an interesting topic in Mechanics, and is of 
vital importance in Mathematical Astronomy and Physios.) 
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CENTRAL FOECES. 

110. Central forces are such as act directly towards or from 
a point called a centre. Those which act towards the centre 
are called attractive, and are considered negative, while those 
which act from the centre are repulsive, and are considered 
positive. The centre may be fixed or movable. 

The line from the centre to the particle is called a radius 
vector. The path of a body under the action of central forces 
is called an orbit. 

The forces considered in Astronomy and many of those in 
Physics, are central forces. 

GENERAL EQUATIONS. 

111. Consider the force as attractive, and let it be represented 
by - F. 

Take the coordinate plane an/ in the plane of 
the orbit, the origin being at the centre of the 
force, and OP = r, the radius vector, then 

X=-i^cosa = -F-\ 




r 
and the first two of equations (124) become 

dr r 



(126) 



To change these to polar coordinates, first modify them by 
multiplying the first by y and the second by as, and subtracting, 
and we have 



my 
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and multiplying the first by x and the second by y, and adding, 
we have 

Let Q — POM— the variable angle, then 

a; = ?• cos ^, y = r sin 6, 

and differentiating each twice, we find 

d^x = (««/• - rd^) cos e — (2c?/-<^0 + rd''&) sin 6* ; 
dry = (<^=/- - r<^^2) sin 6 + (2c?/-(3^0 + rd'O) cos <9 ; 
which substituted in the preceding eiinations, give 



r Ide-^ F 



dj'r ldd\^ 
di 



- drdQ d?6 ^ 

2 \- r = • 

dt ^ di' ' 

which may be put under the form 

1 d/ ,de\ ^ 

rdlf -dt) = '■ (128) 

Equation (127) shows that the acceleration along r is the 
force on a unit of mass ; and (128) sliows that there is no 
acceleration perpendicular to the radius vector. 

112. jPrvncipIe of equal areas. — Integrate equation (128), 
and we have 

^f=C; (129) 

and integrating a second time, we have 

fi»dd = Ct ; (130) 

the constant of integration being zero, since the initial values 
of t and Q are both zero. But from Calculusyr't?^ is twice the 
sectoral area POX\ hencie the sectoral area swept over by the 
radius vector increases directly as the time ; and equal ar*as 
will he passed over in equal tiw.es. 
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Making t = 1,-we find that C will be twice the sectoral area 
passed over in a unit of time. 

The convei-se is also true, that if the areas are proportional 
to the tiTTies the force will he central. 

For, multiplying the first of (126) by x and the second by y 
and taking their difference, we have 

or, 

Xx- Yy=.0; 

which is the equation of a sti-aight line, and is the equation of 
the action-line of the resultant, and since it has no absolute 
term it passes through the origin. 

113. To find the equation of the orbit, 
eliminate dt from equations (127) and (128). For the sake of 

simplifying the final equation, make /• = — , and (129) becomes 

Differentiating and reducing, gives 

, du y^dudt 

■ur ad 

o^' d^_ _ pdu 

dt~ dd' 

the first member of which is the velocity in the direction of 
the radius. 

Differentiating again, gives 

Substituting these in equation (127) and at the same time 
making m equal to unity, since the unit is arbitrary, we have 
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or, 

<?M F 

^ + ^-67V = ^; (132) 

which is the differential equation of the orbit. 

When the law of the force is known, the value of F may be 
substituted, and the equation integrated, and the orbit be 
definitely determined. 

Multiplying by du and integrating the first two terms, we 
have 



114. Given the equation of the orbit, to find the law of the 
force. 

From equation (132), we have 

' d?u 



F= 0V(^ + u). (134) 



Another expression is deduced as follows : let 

j> — the perpendicular from the centre on the tangent, 
then from Calculus we have 

^ ~ ds" ~ di^ + r'd^ 



= <U ^ ,- (135) 



Differen^-'-'-ing, gives 

d^u 



■+ w 
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and dividing by p*', substituting, du = — uHr, and reducing, 
we have 

1 dp jdJ'ii , \ 

which, combined with equation (134), gives 

which is a more simple formula for determining the law of the 
central force. 

115. To dstermine the velocity at any point of the orbit. 
We have 

_ds _ds d6 _ ds dd 
^ ~di~di'dd~Wdi 

ds 
= 6V -T^ (from equation (131) ) 

= — . (from Dif. Cal-.}, (137) 

Hence, the velocity varies inversely as the perpendiculwr 
from the centre upon the tangent to the orbit. 

Another expression is found by substituting the value of ^, 
equation (135), in (137). 

Hence, 

IdM- 
•»=G\J-^^u\ (138) 

Still another expression may be found by substituting equa- 
tion (138) in (133); hence 

«=^i + 2/i^$ (139) 

= <7i - 'i.fFdr. 

Since F is a function of r, the integral of this equation 
gives V in terms of r, or the velocity depends directly upon the 
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distance of the body from the centre. Hence, the velocity at 
any two points in the orbit is independent of the path between 
them, tlie law of the force reinainining the same. 

116. To determine the time of describing any portion of 
the orbit. 

To find it in terms of r, eliminate dB between equations (129) 
and (133), reduce and find 

••.V<^.->-2/f* 

which integrated gives the time. 

To find it in terms of the angle, V7e have from (129) 



\-S^de; 



from which r must be eliminated by means of the equation of 
the orbit, and the integration performed in reference to Q. 

117. To find the com/ponents of the force along the tangent 
and radius vector. 

Let T = the tangential component ; 
iV = the normal component ; 
and resolving them parallel to x and y, we have 



^ ,dx _ j^dy 

' df "^ '^ ds ds' 



m^ = X=r^-i\^^, 



m^=Y:^Tf-^Jvf-. 
dor ds ds 

Eliminating iV gives 

d^x , d^v , 



m 
or 



d? '^^^ ^"' df ^^ ^ ^*^*' 



^^0! dy _]go_^^ 
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Eliminating T gives 

„ dx d?y dy d^x 

_ mdi /daxPy — dyd^x\ 
~ dMs \ H / 



_ 
P 



m— , 



(141) 



hence the component of the force in the direction of the nor- 
mal is dependent entirely upon the velocity and radius of cur- 
vature. This is called the centrifugal force. It is the measure 
of the force which deflects the body from the tangent. The 
force directed towards the centre is called centripetal. (It is 
attractive). When the normal coincides with the radins vector 
the centrifugal force is directly opposed to the centripetal. 
If &> = the angnlar velocity of the radius of curvature, 
then, V = pa, and equation (141) becomes 

N = rnM^p. (142) 

Examples. 

1. If a body is attached to a string and compelled to revolve 
in a horizontal circle ; required the number of revolutions per 
minute, that the tension of the string may be twice the weight 
of the body. (Use equation (142).) 

2. A body whose weight is ten pounds, revolves in a hori- 
zontal cii'cle whose radius is five feet, with a velocity of forty 
feet per second ; required the tension of the string which holds 
it. (Use equation (141).) 

3. Required the velocity and periodic time of a body re- 
volving in a circle at a distance of n radii from the earth's 
centre. 

The weight of the body on the surface being mg, at the dis- 

(r \^ 7no 
— I = —J-, and this is a 
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measure of the force at that distance. (Use equation (141) or 
(139).) 



An.., = ief, .= (*) 



(This is substantially the problem -wMoh Sir Isaac Newton used to prove 
the law of Universal Gravitation. See Whewell's Inductive Saienees.) 

4. A particle in projected from a given point in a given 
direction with a given velocity, and moves under the action of 
a force which varies inversely as the square of the distance 
from the centre ; required the orbit. 

Let ft = the force at a unit's distance, then 

and equation (132) becomes 

d^u (I 

or, 

the fii-st integral of which becomes by reduction 
- ^ (^ - 772-) 

de = —rJ ^=^,; 

in which A is an arbitrary constant, and the negative vahie of 
the radical is used. 
Integrating again, making d^ the arbitrary constant, we have 

, J « - 77^ t . 
0- ^„ = cos-'|— j^ j ' 

which by reduction gives 

1 a / AO^ \ 

= ^ = "^ (i + IT "^' (^ - ^4 (^) 



u 
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which is the general polar equation of a conic section, the 
origin being at the focns. As this is the law of Universal 
Gravitation, it follows that the orbits of the planets and comets 
are conic sections having the centre of the sun for the focus. 
In equation {a), 6^ is the angle between the major axis and a 

line drawn through the centre of the force, and is the 

eccentricity = e ; hence the equation may be written 



.= -^,(i + ecos{e-e,)y (5) 



The magnitude and position of the orbit will be determined 
from the constants which enter the equation, and these are 
determined hy knowing the position, velocity, and direction of 
motion at some point in the orbit. 

Draw a figure to represent the orbit, and make a tangent 
to the curve at a point which we will consider the initial point. 
Let /8 be the direction of the projection with the radius vector 
at the initial point, r^ the initial radius vector, and V^ the 
initial velocity ; then at the initial point 

u — —, d = 0, cot 8 = —j^ = -j^, (c) 

To ' ' Todd vdd ^ ' 

and from equation (5) 

e cos ^0 = Ij {ci\ 

du fie . . 

which, combined with equation (c), gives 



H-ro 


- = — e sm 0^. 


ie) 


From equation (137) 






= 


ForosinyS; 


(/) 
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which, substituted in equations {d) and {e), and the latter 
divided bj- the former, gives 

FoVo sin /S cos /8 



tan dn = 

juati( 
tiou if), give 



/* — Vo\ sin^ /3' 
Squaring equations (of) and (e), adding and reducing by equa- 



^ J _ JWsin»y8/2 



fe - T')- ^^^ 



Hence, when 

>. Fq' > — , e > 1, and the orbit is a hyperbola, 



'0 

2/i 



e = 1, and the orbit is a parabola, 



2/t 

Fo^ < — , e < 1, and the orbit is an ellipse. 



^0 



or (see example 25, page 30) the orbit will be a hyperbola, a 
parabola, or an ellipse, according as the velocity of projection 
is greater than, equal to, or less than the velocity from infinity. 
As the result of a large number of observations upon the 
planets, especially upon Mars, Kepler deduced the following 
laws: 

1. The planets desci-ibe ellipses of which the Sun occupies a 
focns. 

2. The radius vector of each planet passes over equal areas 
in equal times. 

3. The squares of the periodic times of any two planets are 
as the cnl)e3 of the major axes of their orbits. 

The first of these is proved hf the preceding problem, since 
the orbits are reenterent curves. The second is proved by 
equation (130). The third we will now prove. 

5. Required the relation l)etween the time of a complete 
circuit of a pa/rticle in cm ellipse, and the major axis of the 
orhit. 

Let the initial point be at the extremity of the major axis 

near the pole, then ^j in equation {d) will be zero, and we 

have 

C^ = fir, (1 + «) ; 
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but from the ellipse, 

r^ = a — ae := a {1 — e); 



.-. 0= VfM (1 - e»). (») 

Equation (130) gives 

_, _ 2 area ofellvpse 
1 - jj 

Stt a? ^/ (1 - ^ 
~ V fj,a (1 - e^ 

.'. T'oc aK 

6. The orbit being an ellipse, required the law of the force. 
The polar equation of the ellipse, the pole being at the focua, 

is 

_1 _ 1 + g cos (g - dp) 
'^~r~ a{l- e") ' 

which, differentiated twice, gives 

d^u _ e sin (0 — 0^ 
W " a (i- ^) ' 

and these, in equation (132), give, 

Tr_ G' 1 ■ 
a (1 - e^) r» ' 

hence the force varies inversely as the square of the distance. 

7. Find the law of force by which the particle may describe 
a circle, the centre of the force being in the circumference of 
the circle. (Tait and Steele, Dynamics of a Particle.) 

Ans. Fx —. 

8. If the force varies directly as the distance, and is attrac- 
tive, determine the orbit. 

(This is the law of molecular action, and analysis show that the orbit is an 
ellipse. The problem is of great importance in Physics, especially in Optica 
and Acoustics.) 



CHAPTER IX. 



CONSTRAINED MOTION OF A PAETIOLE. 



118. If a body is compelled to move along a given fixed 
curve or surface, it is said to be constrained. The given curve 
or surface will be subjected to a certain pressure which will be 
normal to it. 

If instead of the curve or surface, a force be substituted for 
the pressure which will be continually normal to the surface, 
and whose intensity will be exactly equal and opposite to the 
pressure on the curve, the particle will describe the same path 
as that of the curve, and the problem may be treated as if the 
particle were free to move under the action of this system of 
forces. 

Let iV= the normal pressure on the surface, and 

L ~f{x, y, z) — 0, be the equation of the surface ; 
^ic, ^v, ffz the angles between JV&nd the respective coor- 
dinate axes. 

Then 

X+ J^cosdx—'m,^^ = 0; 



d^ 



Y+ Ncosdy 



-^^ = 



df 



Z + iVcos ^z — w^ :j3 = ; 



d?z 

'dt' 



(143) 



in which the third terms are the measures of the resultants of 
the axial components of the applied forces. We will confine 
the further discussion to forces in a plane. Take xy in the 
plane of the forces, then we have 



m 



'^ = X-N^ 



de 



d^y 
"^dJ^ 



ds ' 

7 + J^p. 
ds 



{lU) 
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EliminatiDg JV, we find 



m. ,.„ . ^^, 



or 



1^(S)'-<I/|= 



» \4^)+4I) 't = 2Xd^ + i>rdy; 



and integrating, making % the initial velocity along the path, 
and V the velocity at any other point, we have 

^ (^ _ ^,^2) = 2f{Xdx + Ydy) ; (145) 

hence, the living force gained or lost in passing from one 
point to another equals twice the worh done by the impressed 
forces ; also, the velocity is independent of the path described, 
and is dependent upon the coordinates of the points ; also, the 
velocity is independent of the normal pressure. 

This is an example of the conservation of energy. 

If friction is one of the forces, a portion of the work will 
be used in overcoming it. 

119. To find the normal pressure 
multiply the first of equations (IM) by dy, the second by dx, 
subtract, observing that di? + dy'' = d^, and we find 



dx d?y dy d^x ) _ 
'fh~df~ds'df\~ 



,.dx^ _dyd^x /_ ^dx _ -^dy „, 



or 



in which p is the radius of curvature at the point. The first 
and second terms of the second member are the normal com- 
ponents of the impressed forces. The total normal pressure 
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will, therefore, he that due to the impressed forces jplus that 
due to the force necessary to deflect the hody from the tangent. 
The last term is called the centrifugal force, as stated in Article 
117. If the body moves on the convex side of the curve, the 
last term should be subtracted from the others ; hence it might 

be written ±m—\ in vrhich + belongs to movement on the 

P ° 

concave arc, and — on the convex. 

120. To find the time of movement, 
from equation (145), we have 



/* mds 



V2f{Xdx + Ydy) + vf (1*'^) 



121. To find where the particle will leave the constrain- 
ing curve. 

At that point i\7"= 0, which gives 

v dy -^dx Mio\ 

^j = ^is-^d^-^ ('*'> 

which, combined with the equation of the curve, makes known 
the point. 

If a body is subjected only to the force of gravity, we have 
X = in all the preceding equations. 

Examples'. 

1. A lody moves down a smooth inclined plane under the 
force of gravity ; required the formulas for the motion. 

Take the origin at the upper end and let the equation of the 
plane be 

y = ax; 
13 
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y being positive downward. Then we have 

X= 0, Y = mg, dy = adx, v^ = 0, 

and equation (145) becomes 

■y* = 2/gadx = ^^cub = 2gy ; (a) 

hence, the velocity is the same as if it fell vertically through 
the same height. 

To -find the time, equation (147) gives 

that is, if the altitude of th£ plane iy) is constant the timie 
varies directly as the length, s. 
We may also find 

s — t Vigy — igf sin a. (a) 

2. Prove that the times of descent down all chords of a ver- 
tical circle which pass through either extremity of a vertical 
(diameter are the same. 

'3. Find the straight line from a given point to a given in- 
(clined plane, down which a body will descend in the least time. 

4, The time of descent down an inclined plane is twice that 
down its height ; required the inclination of the plane to the 
horizon. 

5.. At the instant a body begins to descend an inclined plane, 
another body is projected up it with a velocity equal to the 
velocity which the first body will have when it reaches the foot 
of the plane ; required the point where they will meet. 

6. Two bodies move down two inclined planes from the same 
point in a curve to two points in the same horizontal in the 
same time, the lines all being in a vertical plane ; required the 
curve. 

T. A given weight, P, draws another weight, W, up an in- 
clined plane, by means of a cord parallel to the plane ; through 
what distance must P act so that the weight, W, will move a 
feet after P is separated from it. 
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8. Hequired a curve such that if it revolve with a uniform 
angular velocity about a vertical dlarneter, 
and a smooth ring of infiniteshnal diameter 
ie jcilaced upon it at any point, it will not 
slide on the curve. 

Let 6) be the angular velocity, then we 
have 



Y ^ -mg, 



mafx. 



V = 0, 




and equation (145) becomes 

wV - 2gy + 0=0, 

which is the equation of the common parabola. 
If the origin be taken at B, O will be zero. 

(AsoTHER Solution. — Let NR be a normal to the curve, MB = the oen- 
trifngal force, NM = the force of gravity ; but the latter is constant, hence 
NM, the subtangent, is constant, which is a property of the common parabola.) 

9. Eind the normal pressure against the curve in the pre- 
ceding problem. 

10. The Pendulum. — Find the time 
of oscillation of the simple pendulumj. 
This is equivalent to finding the time 
of descent of a particle down a smooth 
arc of a vertical circle. 

Take the origin of coordinates at A, 
the lowest point. Let the particle start 
at D, at a height AC = h\ when it has arrived at P, it will 
have fallen through a height GB = h — y, and, according to 
equation {a) on the preceding page, will have a velocity 




V = V2g{h-y) = £ 

The equation of the arc is 

a^ = 2ry — j/*; 



(a) 



hence 



2ry- f 



dy". 
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But 

d^ = dos^ + d^, 

rdy 



ds = 



V2ry — y^ 



Considering this as negative, since for the descent the arc is 
a decreasing function of the time, we have from (a) 



dy 
V¥gJ^V{h-y){^ry-f) 



r_ r 

^^9 J. 



This may be put in a form for integration by Elliptic Func- 
tions ; but by developing it into a series, each term may be 
easily integrated. In this way we find 

by means of which the time may be approximated to, with any 
degree of accuracy. 

When the arc is very small, all the terms containing ^ will 

be small, and by neglecting them, we have for a complete 
oscillation (letting I be the length of the pendulum), 

T^^t^irJl- (J) 

^ 9 

that is, for very small arcs the osoillations may he regarded as 
isochronal, or performed in the same time. 

For the same place the times of vibration are directly as the 
square roots of the lengths of the pendulums. 

For any pendulum the times of vibration vary inversely as 
the square roots of the force of gravity at different places. 

If t is constant 

I'x. g. 

11. What is the length of a pendulum which will vibrate 
three times in a second ? 

12. Prove that the lengths of pendulums vibrating during the 
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same time at the same place, are inversely as the square of the 
iinmber of vibrations. 

13. Find the time of descent of a particle down the arc of a 
cj'cloid. 

The diiterential equation of the curve referred to the vertex 
as an orighi, x being horizontal and y vertical {r being the 
radius of the generating circle), is 

dx = , ^ - dy. 

V'2,ry - f 

Ans. IT \ -. 
^ 9 
The time will be the same from whatever point of the curve 
the motion begins, and hence, it is called tautochronal. 

14:. In the simple pendulum, find the point where the tension 
of the string equals the weight of the particle. 

15. A partid^e is placed in a smooth tube which revolves 
horizontally about an axis through one end of it ; required 
the equation of the ouroe traced by the jparticle. 

The only force to impel the particle along the tube is the 
centrifugal force due to rotation. 

Letting r = the radius vector of the curve ; 
r^ = the initial radius vector ; 
(a = the uniform angular velocity ; 
we have 

d'^r „ 

which, integrated, gives 

r — \ra{e + e ), 

hence, the relation between the radius vector and the arc de- 
scribed by the extremity of the initial radius vector, is the same 
as between the coordinates of a catenary. (See example 28, 
p. 134.) 

15. To find a curve joining two jpoints down which a par- 
ticle will slide by the force of gravity in the shortest time. 

The curve is a cycloid. This problem is celebrated in the 
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history of Dynamics. The solution properly belongs to the 
Calculus of Variations, although solutions may be obtained by 
more elementary mathematics. Such curves are called Bret- 
oMstochrones, and, in many cases, their equations may be deter- 
mined for forces which act under different laws. 

PEOBLEMS PKETAINING TO THE EAETH. 

122. To find the value of g. 

We have, from example 10 of the preceding Article, 

^=5- (149) 

Making T =\ second and I = 39.1390 inches, the length 
of the pendulum vibrating seconds at the Tower of London, 
we have for that place, 

g - 32.1908 feet. 

The relation between the force of gravity at different places 
on the surface of the earth is given in Article 19. 

The determination of I depends upon the compound pendu- 
lum, and is explained in the next chapter. 

123. To find the centrifugal force at the equator. 
We have, from equation (142), for a unit of mass, 

f^<^B = ^E; (a) 

in which R, the equatorial radius, is 20,923,161 feet; T, the 
time of the revolution of the earth on its axis, is 86,164 seconds, 
and TT = 3.1415926. These values give 

/= 0.11126 feet. 

The force of gravity at the equator has been found to be 
32.09022 feet (Article 19) ; hence, if it were not diminished 
by the centrifugal force, it would be 

G = 32.09022 + 0.11126 ^ 32.20148 feet, 
and 

/_ 0.11126 _ J^ 

G ~ 32,20148 ~ 289 °®^^"^y' 
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hence the centrifugal force at the equator is j^ of the un- 
diminished force of gravity. 

Example. 

In what time must the earth revolve that the centrifugal 
force at the equator may equal the force of gravity ? 

Ans. yV 0/ its present time. 

124. To find the effect of the centrifugal force at different 
latitv^es on the earth. 

Let Z = P6>^ = the latitude of the point P ; 

R — OQ— OP — the radius of the earth; 

then will the radius of the parallel of lati- 
tude pp' be -,./::rzxp^. 

B^ = R cos L. L ^i';^ -^^ 

The centrifugal force will be in the V J 

plane of motion and may be represented ^"^kTik 
by the line Pr, or 

Pr —f = ci^E^ = ay'E cos L ; 

therefore, the centrifugal force varies directly as the cosine of 
the latitude. But the force of gravity is in the direction PO. 
Resolving Pr parallel and perpendicular to PO, we have 

Pp = ay'E cos' L = -^^-^ G cos^ L ; 
Pq =z ca^P cos L sin L = -^\^ O sin 2Z ; 

the former of which diminishes directly the force of gravity, 
and the latter tends to move the matter in the parallel of lati- 
tude PP', toward the equator. Such a movement has taken 
place, and as a result the earth is an oblate spheroid. In the 
present form of the earth the action-line of the force of gravity 
is normal to the surface (or it would be if the earth were homo- 
geneous), and hence, does not pass through the centre 0, except 
on the equator and at the poles. The preceding formulas 
would be true for a rigid homogeneous sphere, but are only 
approximations in the case of the earth. 



CHAPTEK X. 



FORCES IN A PLANE PEODUCING EOTATION. 



125, Angular motion of a paetiole aboitt a fixed axis. 

Let the body C, on the horizontal arm AB, revolve about the 
IT. vertical axis ED. Consider the body 

reduced to the centre of the mass, 
and the force F-^ applied at the centre 
and acting continually tangent to the 
path described by the particle. This 
may be done as shown in Fig. 121. 
In this case the force will be measured 
in tlie same way as if the path were 
rectilinear, for the force is applied 
Hence, according to equation (21), 

w ^« 




along the path. 



in which s is the arc of the circle. 

If 6 be the angle swept over by the radius, and /"i the radius ; 
then 

ds = Ti d0, 
dh^r^cPO; 
which, substituted in the equation above, gives 



F^^Mn 



df 



dj'e Fi 

■■■W = Mr- (ISO) 

If a force, F, be applied to the ai-m AB, at a distance r from 
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the axis ED, prodiuiing tlie same movement of the mass (7, we 
have, from tlie equality of moments, Article 65, 

and the value of F^ deduced from this equation substituted" in 
the preceding one, gives 

d^e _ Fr 

that is^ the angular acceleration produced by a force, F, on a 
particle, m, equals the moment of the force divided hy the mo- 
ment of inertia of the mass. 

(For moments of inertia, see Chapter VTI.) 

"We observe that, when the force is applied directly to the 
particle, it produces no strain upon tlie axis, but that it does 
when applied to other points of the arm. In both cases there 
will be a strain of 

due to centrifugal force, a being the angular velocity. 

128. Angular motion of a _,.-' ""-•-,, 

FINITE MASS. Let a body, AB, 
turn about a vertical axis at A, 
under the action of constant 
forces, F] acting horizontally ; 
mi, m^, etc., masses of the ele- 
ments of the body at the re- \.,_ ...-■'' 
spective distances r^, r.^, etc., fig. lie. 
from the axis A ; and consid- 
e)-ing equation (151) as typical, we have 

^ % Fr ^ %Fr 

df ~ m^Ti + m^r^ + m^r^ + etc., ^mr^ 

_ moment of the forces ,.. -„, 

moment of ine7'tia 

127. Energy of a rotating mass. Multiply both membera 
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of the preceding equation by dd, integrate and reduce, and we 
find 

\^m7»{^^ =fF.rdd; (153) 

in which rdd is an element of the space passed over by F, and 
F.rdd is an element of work done by F; hence the second 
member represents the total work done by ^upon the body, all 
of which is stored in it. Therefore, the energy of a iody rotat- 
ing about o,n axis equals the moment of inertia of the mass 
multi^plied hy one-half the square of the angular velocity. 

If tlie body has a motion of translation and of rotation at the 
same time, the total energy will be the sum due to both motions ; 
for it is evident that while a body is rotating a force may be 
applied to move it forward in space, Article 38, and that the 
work done by this force will be independent of the rotation. 

liv =z the velocity of translation of the axis about which the 
body rotates ; 
Q> = the angular velocity ; and 
Ijn = the moment of inertia of the m^ass ; 
then the total work stored in the body will be 

W>^ + 4/m«' (154) 

128. Ail iMPOLSE. Multiply both members of equation 
(134:) by dt, integrate, and we find 

^ - _ '^f^^* 
dt ~'^ ~ Xm7^- 

But according tc Article 33, fFdt is the measure of an im- 
pulse and is represented by Q, hence 

Or 

_ moment of the impulse 
moment of inertia 

129. The time required to pass over n circumferences will 
be, in the case of an. impulse, 
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2mr __ 2nTrZ 
~ CO ~ Qr ' 

In the case of accelerated forces the time will be found by 
integrating equation (153). 

130- MovixG AXIS. The body may have a motion of 
translation and of rotation at the same time. If the axis is 
rigid, the body may be made to rotate about any point in it, 
but if the body is free the axis of rotation will pass through the 
centre ; see Article 38. In either case, the force which pro- 
duces the translation may be considered as applied directly to 
the axis, and hence, the two motions may be considered as 
existing independently of each other. As we have seen in 
Article 38, the velocity of translation depends upon the magni- 
tude of the force or impulse, but the velocity of rotation 
depends upon the arm of the force. For a general demonstra- 
tion of this principle, see page 221, 

131. GE.NEKA.L FOEMULAS. The preceding formulas have 
been deduced from the consideration of special problems, but 
they may be deduced in a more general manner, as follows : — • 
Let the origin of coordinates be taken on the axis of rotation, 
the axis of s coinciding with that axis, and x coinciding with 
the direction of translation. Resolving the forces into couples, 
and forces applied at the origin, as in Chapter III., and the 
first members of the first of equation (85) will be the impressed 
forces whicth produce translation, and the third of (86) those 
which produce rotation ; hence, according to D'Alerabert's 
principle we have 






% (Xy -rx)-S {my ^, - mx ^ 



■ (156) 



The expression S {Xy — Yx) is the sum of the moments of 

the impressed forces = XFr (Article 60). Transforming the 

second terra into polar coordinates, we have L ' -^ ^y 

^/ d^x d^ii\ ^ .d^e 

^[my^-rax-^) = %m,^~^; 
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[132.1 



heuce, the equations become 






df 

dW 

df ' 



ZFr 



(157) 



132. Reduced mass. A given mass may be concentrated 
at such a point, or in a thin annulus, that the force or impulse 
will have the same effect upon it as if it were distributed. To 
accoraplish this it is only necessary that Xmr^ in the second of 
(157) should have an equivalent value. Let M be the mass of the 
body, k the distance from the axis to the required point, then 

in which k is the radius of gyration, as defined in Article 107. 
Bat any other point may be assumed, and a mass deterrained 
such that the effect shall be the same. Let a be the distance to 
the point (or radius of the annulus), and M^ the required mass, 
then we have 



a*' 



(158) 



which is called the reduced mass. 



Examples. 
1. A prismatic bar, AB, falls through a height, h, retaining 
its horizontal position until one end strikes a fixed obstacle,G ^ 
required the angular velocity of the piece and the linear velo- 
city of tlie centre immediately after the impulse. 
Let M. — the mass of the bar ; 
I = its length ; 

V = ^'^gh, the velocity at the 

instant of impact ; 
Vi = the velocity of the 
centre immediately 
after. 
The bar will rotate about a hori- 
zontal axis through the centre, as 
shown by Article 38 ; and, as shown by Articles 33 and 38, the 



Y 



m 



c 



Fio. 117. 
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impulse will he Q =z M {v - Vi) ; that is, it is the change of 
velocity at the centre multiplied hj the mass. The impact will 
entiiely an-est the motion of the end, A, at the instant of the 
impact, and hence at that instant the angular velocity of A in 
reference to G will be the same as G in reference to A. 
Equation (155) gives 

moment of impulse 

m,oinent of inertia 

_ M {v- V,) jl 





= ^ I ■ 


But at the instant of the impact 


solving these give 


Vi = ilm, 







We now readily find 

Q = iMv. 
To find the velocity of any point in a vertical direction at 
the instant of the impact, we observe that it may be considered 
as composed of two parts ; a linear velocity Vi downward, and a 
right-Iiunded rotation. The actual velocity at A due to rota- 
tion will be 

ilco = |?i, 

which will be upward, and the linear velocity downward will be 
""i = 1^) hence the result will be no velocity. Similarly, the 
velocity at B will he ^v + fv — Iv. Also, for any point dis- 
tant X from G, we have at the left of G 

^ - (OX = |wu - ^ J-); 

and to the right of G we have 
When the bar cornea into a vertical position, we easily find 



206 



ASTGULAE MOVEMENT. 



[133.] 



that A has passed below a horizontal through C. Every point, 
therefore, has a progressive velocity, except the point A, at 
the instant of impact. 

After the impact the centre will move in the same vertical 
and witli an accelerated velocity, while the angular velocity 
will remain constant. 

2. Suppose that impact takes place at one-quarter the length 
from A, required the angular velocity. 

3. At what point must the impulse be made so that the velocity 
of the extremity Ji will be doubled at the instant of impact ? 

4. An inextensible string is wound around a 
cylinder, and has its free end attached to a 
■fixed point. The cylinder falls through a cer- 
tain height (not exceeding the length of the free 
pai-t of the string), and at the instant of the im- 
pact the cord is vertical and tangent to the 
cylinder ; all the forces being in a plane ; re- 
Fio. 118. quired the angular velocity produced by the 

impulse, and the momentum. 

Ans. I - ; Q = iMv. 




Ap-m v.- 



5. In the preceding problem, let the body be a homogeneous 
sphere, the string being wound around the arc of a great 
circle. 

6. A homogeneous prismatio 
har, AB, in a horizontal posi- 
tion constrained to revolve ahout 
a vertical fixed axis, A, receives 
a direct impulse from a sphere 
whose momentum is Mv ; re- 
quired the angular velocity of 
the har. 

The momentum imparted to the bar will depend upon the 
elasticities of the two bodies. Consider them perfectly elastic. 
The effect of the impulse will be the same as if the mass of the 
bar were concentrated at the extremity of the radius of gyration ; 
hence an equivalent- mass at the point (7 may be determined. 
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Let Jfi = the mass of AB ; 
Mi = the reduced mass ; 

V2 = the velocity of the reduced mass after impact • 
a = AC. ' 

Then, by equation (15S), the mass of the bar reduced to the 
point C, will be 

a' 
By equation (40) the velocity of Jfg after impact will be 
„ _ 2Jf 2ifa» 

hence, the momentum imparted will be 

and the moment will be 

,^ 2MMJi?a 

According to equation (155), we have 

moment of the impulse 

moment of inertia 

2MMJ^a 
_M£+M£^^ 

__ 2Ma 

~ Ma' + Mlk^^- 

This result is the same as that found by dividing equation 
{a) by a, as it should be. 

7. Swppose, in the preceding problem, that there is no fixed 
axis, but that the body is free to rotate,- find where the impact 
must he made that the initial velocity at the end A shall be 
zero. 
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Let I£v be the impulse vmjpaHecL to the body ; 
Mh^ = the principal moment of inertia ; 

A = the distance from the centre of the bar to the 
required point ; 
then 

moment of the vmmilse 

o) = — ir-. — =-; 

moment of inert%a 



{a) 



_ Mvh _ vh 

and the movement at A in the circular arc will be 
„ vlh 

and the initial linear movement will be 

which, by the conditions of the problem, will be zero ; hence 

vlh __ 



A = ^. ® 



or, 

A — L 
I 

The distance from A will be 

The bar being prismatic, h^ = -^P ; 

.: h + il = f Z. 

The result is independent of the magnitude of the impulse. 
From (i) we have 

hence, x and fZ are convertible, and we infer that if the im- 
pulse be applied at A the point of no initial motion will be at 
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the point given by equation (5), where the impact was previ- 
ously applied. 

8. In the 'preceding problem, find where the impulse must he 
applied so that the point of no initial velocity shall he at a 
distance h' from, the centre. 

The initial linear velocity due to the rotary movement found 
from (a) of the preceding example, will be 

V 

h'co = j-^ hh', 

and the initial movement of the required point being zero, we 
have 

If tlie point of impact be at h, the point a, where the initial 
movement is zero, will be on the other ABC 

side of the centre of the body. Let B ' i % ' 

be the centre, then 

h = hB, h' = aB, 
and from (159), we have 

hh' = hB.aB = k^ ; (IGO-) 

and as ^ is a constant, the points a and h are convertible. 

AXIS OF SrONTAlfEOUS BOTATIOX. 

133. In the preceding problem the initial motion would 
have been precisely the same if there had been a fixed axis 
through a perpendicular to the plane of motion, and hence the 
initial motion may be considered as a rotation about that axis. 
If a fixed axis were there it evidently would not receive any 
shock from the impulse. 

The axis about which a quiescent body tends to turn at the 
instant that it receives an impulse is called the axis of spon- 
taneous rotation. 
14 
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OENTEE OF PEECUSSIOJST. 

134. When there is a fixed axis and the body is so struck 
that there is no impulse on the axis, any point in the action^- 
line of the force is called the centre of percussion. Thus in 
Fig. 120, if a is the fixed axis, h will be the centre of percus- 
sion. It is also evident that, if 5 be a fixed object, and it be 
struck by the body AG, rotating about a, the axis will not 
receive an impulse. 

AXIS OF INSTANTANEOUS EOTATION. 

135. An axis through the centre of the mass, parallel to the 
axis of spontaneous rotation, is called the axis of instantaneous 
rotation. A free body rotates about this axis. 

In regard to the spontaneous axis, we consider tJuit as fixed 
in space for the instant ; but at the same time the body really 
rotates about the instantaneous axis which moves in space with 
the body. 

EXAMPLES UNDEE THE PEECEDING EQUATIONS CONTINUED. 

"8. A horizontal uniform disc is free to revolve about a ver- 
tical axis through its centre. A man walks around on the 
outer edge ; required the angular distance passed over hy the 
rnan and disc when he has vjalked once around the circumfer- 
en,ce. 

Let W = the weight of the man ; 
w = the weight of the disc ; 
r = the radius of the disc ; 
wi = the angular velocity of the man in reference to a 

fixed line ; 
o) = the angular velocity of the disc in reference to the 

same fixed line ; 
^ = the force exerted by the man against the disc ; 

The result will be the same whether the effort be exerted 
suddenly, or with a uniform acceleration, or irregularly. We 
will, therefore, treat it as if it were an impulse. Tlie weights 
are hero used instead of the masses, for they are directly pro- 
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portional to each other, and it is more natural to speak of the 
weight of a man than the mass of a man. 

We have r 



(U : 



Tnoment of the impulse 
inoment of inertia 



_ Fr 
~ wk^ 

_ TF-y?* 
~ wk^ 

2W 

= Q)i. 

10 

But when the man arrives at the initial point of the disc, we 
have 

w -f- Q)i ^ 27r ; 
which, combined with the preceding equation, gives 

2w7r 

JiW =: w, we have 

"i = hr, 
for the angular space passed over by the man, and 

for the distance passed over by the disc. 

9. In Fig. 115 let the force Fie constant; required the 
nuniber of complete turns which the body O will maJce about 
the axis DE in the time t. 
Let r = the radius of the circle passed over by F\ 

/"i = the distance of the centre of the body from the axis 

of revolution ; 
hy ■=■ the principal radius of gyration of the body in refer- 
ence to a moment axis parallel to DE\ 
Tc = the radius of gyration of the body in reference to 
the axis DE; 
then, according to equation (123), 



212 



ROTATION OF 



[135.] 



and, according to equation (151), 

^ cP6 _ moment of forces 

df ~ moment of inertia 

_ Fr 

Multiply by dt and integrate, and we have 

de _ Fr 
'dt~'^^"* 



the constant being zero, for the initial quantities are zero. 
Multiplying again by dt, we find 

Fr ., 



e = 



'■2.MW' 



which is the angular space passed over in time t ; and the num- 
ber of complete rotations will be 

1. - ^'^^ 

10. If the body were a sphere 2 feet in diameter, weighing 
100 pounds, the centre of which was 5 feet from the axis ; F, a 
force of 25 pounds, acting at the end of a lever 8 feet long ; 
required the number of turns which it will make about the axis 
in 5 minutes. 

11. If the data be the same as in the preceding example ; 
required the time necessary to make one complete turn about 
the axis. 

12. Suppose that an ideflnitely thin body, whose weight is TF, 

rests upon the rim of a horizon- 
tal pulley which is perfectly free 
to move. A string is wound 
around the pulley, and passes 
over another pulley and has a 
weight, P, attached to its lower 
end. Supposing that there is no 
resistance by the pulleys or the 
string, required the distance 
passed over by P in time t. 
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[135.1 SOLID BODIES. 

According to equation (152), we bave 

— = /'/■ _ Pg 

df W -\- P ^~ (^W+ F)r' 
9 
from which it may be solved. 

(This is equivalent to applying the weight P directly to the weight W, as 
in Pig. 10, and hence we have, according to equation (21) 



W+ P d^s 



= P; 



g de 

latea, we ] 
reduces the equation directly to that in the text.) 



but referring it to polar coordinates, we have r~:=~, which substituted 



13. A disc whose weight is W is free 
to i-evolve about a horizontal axis pass- 
ing tlirongh its centre and perpendicular 
to its plane. A cord is wound around 
its circumference and lias a weight, P 
attached to its lower end ; required the 
distance through which P will descend 
in t seconds. 

We have 
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^^ _ Prg 

df ~ Wk^ + Pr" ' 

from which Q may be found, and the space will be rd. 
(This may be solved by equation (SI). The mass of the disc reduced to an 

equivalent at the circumference will be — -p , and that equation wiU become 

g r^ 
1 / h '^\ cPs 

— IP-I- ^—^ I -315 = P; which, by changing to polar coordinates, may be 

reduced to the equation in the text.) 

14. If in the preceding e.xaraple the body were a sphere 
revolving about a horizontal axis, the diameter of the sphere 
being 16 inches, weight 500 pounds, moved by a weight of 100 
pounds descending vertically, the cord passing around a groove 
in the sphere the diameter of which is one foot ; required the 
number of revolutions of the sphere in five seconds. 



2U 



ROTATION OF 



[135.] 




Fig. 123. 



15. Two weights, P and TF, are stispended 
on two pulleys by means of cords, as shown in 
Fig. 123 ; the pulleys being attached to the 
same axis C. No resistance being allowed 
for the pulleys, axle, or cords ; required the 
circumstances of motion. 

We have 



d'^d moment of the forces 

df moments of inertia 

P.AC-W.BC 

~ P{AOf + W{BC'f+disoAC.k^ 4 disc B CJc^^ ' 

in which disc A G, etc., are used for the weights of the discs. 
Let the right-hand member be represented by M, then we have 

e = iMf. 

16. In the preceding example let the discs be of uniform 
density, AC= 8 inches, ^C= 3 inches; the weight of ^ C = 6 
pounds, of OB = 2 pounds, of P = 25 pounds, and of TF = 60 
pounds ; if they start from rest, required the space passed over 
by P in 10 seconds, and the tension of the cords. 

17. A homogeneous, hollow cylinder rolls down an inclined 
plane hy the force of gravity / required the time. 

The weight of the cylinder 
may be resolved into two 
c*mponent8, one parallel to 
the plane, which impels the 
body down it, the other nor- 
mal, which induces friction. 
The friction acts parallel to 
the plane and tends to prevent the movement down it, and is 
assumed to be suificient to prevent sliding. 
Let W = the weight of the cylinder; 

i = the inclination of the plane to the horizontal ; 
i\r = TF cos i = the normal component ; 



^-^-^ 


1 


N ^^ 




r 






^\^ 
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<^ = the coefficient of friction ; 
T = ^N = the tangential component ; 
T' — W sin i = the component of the weight parallel 

to the plane ; 
r^ = the internal radius of the cylinder ; 
r = the external radius ; 

6 = the angular space passed over by the radius ; 
s =^ AO, the space. 

This is a case of translation and rotation combined, and 
equations (157) give 

-irg =.T' - T= WBini- T; 
g dt" 

d^e _ T.r _ ^gTr 



and from the problem 

s = r6. 
Eliminating .« and T from these equations, we get 

dW 2gr&m i 

df "~ Zr^ + r?" 

Integrating and maMag the initial spaces zero, we have 

_ gr sin i ^ _ 
'6r^ + r^ ' 



...<=s/: 



37^ + T-i^ 

S. 



gr^ sin i 
If Ti = 0, the cylinder will be solid, and 

V ^ sin *' 

and hence, the time is independent of the diameter of the 
cylinder. 

If Ty — r, the cylinder will be a thin annulus, and 

t =\J —■ — •; 

V ^ sm * 

hence, the time of descent will be V^^ times as long as 
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when the cylinder is solid ; the weight being the same in both 



cases. 



If it slide down a smooth plane of the same slope, we have 



/ 2« 

t— \l : . , 

V g sm ^ 
which is less than either of the two preceding times. 



THE PBNDTJLTIM. 

18. Zet a body he suspended on a Jwrizon- 
tal axis <md moved by the force of gravity ; 
required the circumstances of motion. 
"We have 

dW _ moment of forces 
df moment of inertia 

_ Wh sin e 
~' MIS ' 



A = Oa, the distance fi-om the axis of suspension to the 

centre of gravity a of the body ; 
TT = the weight of the body ; 
Q ^:^ bOa; and let 

\ = the principal radixis of gyration ; 
then the preceding equation becomes 

(£e_ _ gh 
df ~ h^ + h^ 




sin 6. 



This equation cannot be completely integrated in finite 
terms, but by developing sin 6 and neglecting all powers above 
the first, we find for a complete oscillation i^t^, ( ' i-^ j -f (I 5~l /J-, ) . o\ 



= 2^sJ' 



h^ + /fci^ 
gh = 



(161) 



which gives the time in seconds when h, \ and g are given in 
feet. 

To find. the length of a simple pendulum which will vibrate 
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i 
in the same time, we make equations (h), page 196, and (161) 
equal to one another, and have 

I = ^— = Od. (162) 

Let ad — hi, then 

I — A = ki = -^ = agi, 

••• -^-^1 = -^1^ (163) 

136. Definitions. A body of any form oscillating about a 
fixed axis is called a compound pendulum. 

A material particle suspended from a string without weight, 
oscillating about a fixed axis, is called a simple pendulum. 

The point d is called the centre of oscillation. It is the 
point at which, if a particle be placed and suspended from the 
axis 6> by a string without weight, it will oscillate in the same 
time as the body Od. Or, it is the point at which, if the entire 
mass be concentrated, it will oscillate about the axis in the same 
time as when it is distributed. 

The point 0, when the axis pierces the plane xy, is called 
the centre of suspension. 

137. Results. The centres of oscillation and of percussion 
coincide. (See Article 134.) 

According to equation (163), the centres of oscillation and of 
suspension are convertible. 

According to the same equation the principal radius of gyra- 
tion is a mean proportional between the distances of oscillation 
and of suspension from the centre of gravity. 

Equation (161) indicates a practical mode of determining the 
principal radius of gyration. To find it, let the body oscillate, 
and thus find T, then attach a pair of spring balances to the 
lower end and bring the body to a horizontal position, and find 
how much the scales indicate ; knowing which, the weight of the 
body and the distance between the point of attachment and the 
centre of suspension 0, the value of h may easily be computed. 
The ^alue of g being known, all the quantities in equation 
(161) become known except Jc^, which is readily found by a 
solution of the equation. 
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Example s . 

1. A prismatic bar oscillates about an axis passing through 
one end, and perpendicular to its length ; required the length 
of an equivalent simple pendulum. 

2. A homogeneous sphere is suspended from 

a point by means of a fine thread, find the length 

of a simple pendulum which will oscillate iu the 

same time. 

138. Captain Kater used the principle of the 

convertibility of the centres of suspension and 
' w oscillation for determining the length of a simple 
Fig. 126. seconds pendnlum, and hence the acceleration 

due to gravity. — Phil. Trans., 1818. 

Let a body, furnished with a movable weight, be provided 
with a point of suspension U (figure not shown), and another 
point on which it may vibrate, fixed as nearlj- as can be esti- 
mated in the centre of oscillation O, and in a line with the 
point of suspension and the centre of gravity. The oscillations 
of the body must now be observed when suspended from C and 
also when suspended from 0. If the vibrations in each posi- 
tion should not be equal in equal times, they may readily be 
made so by shifting the movable weight. When this is done, 
the distance between the two points 6' and is the length of 
the simple equivalent pendulum. Thus the length L and the 
corresponding time T of vibration will be found uninfiuenced 
by any irregularity of density or figure. In these experiments, 
after numerous trials of spheres, etc., knife edges were pre- 
ferred as a means of support. At the centres of suspension and 
oscillation there were two triangular apertures to admit the 
knife edges on which the body rested while making its oscil- 
lations. 

Having thus the means of measuring the length Z, with 
accuracy, it remains to determine the time T. This is efi^ected 
by comparing the vibrations of the body with those of a clock. 
The time of a single vibration or of any small arbitrary number 
of vibrations cannot be observed directly, because this would 
require the fraction uf a second of time, as shown by the clock, 
to be estimated either by the eye or ear. The vibrations of the 
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body may be counted, and here there is no fraction to be esti- 
mated, but these vibrations will not probably jSt in with the 
oscillations of the clock pendulum, and the differences must be 
estimated. This defect is overcome by "the method of coinci- 
dences." Supposing the time of vibration of the clock to be a 
little less than that of the body, the pendulum of the clock will 
gain on the body, and at length at a certain vibration the two 
will for an instant coincide. The two pendulums will now be 
seen to separate, and after a time will again approach each 
other, when the same phenomenon will take place. If the two 
pendulums continue to vibrate with perfect uniformity, the 
number of oscillations of the pendulum of the clock in this in- 
terval will be an integer, and the number of oscillations of the 
body in the same interval will be less by one complete oscilla- 
tion than that of the pendulum of the clock. Hence by a 
simple proportion the time of a complete oscillation may be 
found. 

The coincidences were determined in the following manner : 
Certain marks made on the two pendulums were observed by a 
telescope at the lowest point of their arcs of vibration. The 
field of view was limited by a diaphragm to a narrow aperture 
across which the marks were seen to pass. At each succeeding 
vibration the clock pendulum follows the other more closely, 
and at last the clock-mark completely covers the other during 
their passage across the field of view of the telescope. After 
a few vibrations it appears again preceding the other. The 
time of disappearance was generally considered as the time of 
coincidence of the vibrations, though in strictness the mean of 
the times of disappearance and reappearance ought to have 
been taken, but the error thus produced is very small. (Encyo. 
Met. Figure of the Eai'th.) In the experiments made in 
Hartan coal-pit in 1854, the Astronomer Koyal used Eater's 
method of observing the pendulum. {Fliil. Trans. 1856.) 

The value of T thus found will require several corrections. 
These are called " Reductions." If the centre of oscillation does 
not describe a cycloid, allowance must be made for the altera- 
tion of time depending on the arc described. This is called 
" the reduction to infinitely small arcs." If the point of sup- 
port be not absolutely fixed, another correction is required 
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{Phil Trans. 1831). The effect of the bncivancy and the 
resistance of the air must also be allowed for. This is the 
"redaction to a vacuum." The length Z must also be cor- 
rected for changes of temperature. 

The time of an oscillation thus corrected enables us to find 
the value of gi'avity at the place of observation. A correction 
is now requii-ed to reduce this result to what it would have been 
at the level of the sea. The atti-action of the intervening land 
must be allowed for by Dr. Young's rule {Phil. Trans. 1819). 
We thus obtain the force of gra\ity at the level of the sea, 
supposing all the land above this level were cut off and the sea 
constrained to keep its present level. As the sea would tend 
in such a case to change its level, further corrections are still 
necessary if we wish to reduce the result to the surface of that 
spheroid which most nearly represents the earth. (See Camb. 
Phil. Trans., vol. x.) 

There is another use to which the experimental determina- 
tion of the length of a simple equivalent pendulum may be 
applied. It has been adopted as a standard of length on 
account of being invariable and capable at any time of recov- 
ery. An Act of Parliament, 5 Geo. IV., defines the yard to 
contain thirty -six such parts, of which parts there are 39.1393 
in the length of the pendulum vibrating seconds of mean time 
in the latitude of London, in vacuo, at the level of the sea, at 
temperature 62° F. The Commissioners, howevei-, appointed 
to consider the mode of restoring the standards of weight and 
measure which were lost by fire in 1834, report that several 
elements of reduction of pendulum experiments are yet doubt- 
ful or erroneous, so that the results of a convertible pendulum 
are not so trustworthy as to serve for supplying a standard for 
length ; and they recommend a material standard, the distance, 
namely, between two marks on a certain bar of metal under 
given circumstaiices, in preference to any standard derived 
from measuring phenomena in nature. {Report, ISil.) 

All nations, practically, use this simple mode of determining 
the length of the standard of measure, that of placing two 
marks on a bar, and by a legal enactment declaring it to be a 
certain length. 



CHAPTEE XI. 

A BODY ACTED UPON BT FORCES OF DIEFEKENT mTENSITIES HAVING 
DIFFEEENT POINTS OF APPLICATION AND ACTING IN DIFFERENT 
DIEECTIONS. 

(We have reserved certain general demonstrations for this Chapter.) 

139- Let X, y, s be the coordinates of any particle of a body 
in reference to a Jixed origin in space, and X, Y, Z the re- 
solved accelerating forces acting on the same particle, then by 
D'Alenibert's principle 



^-"^w ^-"^w ^-"^w 



will be zero if the full effect of the impressed forces is ex- 
pended upon the particle, as they would be if the particle were 
free ; but as it forms a part of the body, the differences (if any) 
in the preceding expressions will, by the same principle, be the 
amount which the impressed forces exert upon the remainder 
of the body. Considering every particle in the system, and 
resolving the forces applied to each in the same manner, we 
ha.\e a series of expressions of the same form as those above. 
Adding these and the sura for each axis will be zero, when all 
the forces which act upon the body are included. 

Similarly, taking the moments of the forces in reference to 
the axes, we have expressions of the form 

Zy-Yz-[my^-mz^), 

and similarly for the others. 

Taking the sum of these expressions for all the forces, and 
they will be zero in reference to each axis. Writing these 
results, we have the following six equations ; 
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df 



XY 



^-S=« 



^Z-5..f = 



(164) 



5(Zy - Yz) - ^•(^yj- m^g) = 0; 
^{Xz - Zx) -X [mz ^ - ™^ ^) = ; 



(165) 



Let aJi, ^1, Si be the coordinates of any particle of the body 
referred to a movable system whose origin 
remains at the centre of the mass, and whose 
axes are parallel to the fixed axes, and 
X, y, z the coordinates of the centre of the mass referred 
to the fixed origin ; 
then we have 

a? = ic + cci; 

Xmx = Xinx + XTnxy ; 

Xm^,=Xm-^ + Xm-^. 

Bnt the origin of the movable system being at the centre of 
the mass, we have, from equations (71a) or (84a), 

XmXi = ; 

V™ dx^ 
.■.Xm^ = Q; 

and the last of the preceding equations becomes 
„ d^x ^ d^x 



df 



Xm, 
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since 



df 



is a common factor to all the particles m; but 



5m = Jf; 






and similarly for the others. Hence, equations (164) become 









Similarly, in equations (165), we have 

^"^y de = 

^, ,- ^ /d^3 dJ'sA 



(166) 






y-Sn,+ y^ru^,+ ^,^my,+ ^my,^^'-; 



de ' '•'■"^^df ' ""'"^^ df 

But y and i are common factors in their respective terms, 
therefore the expression becomes 

y. im -I- fit >. -m 

df 
but, 



Smyi = ; 



^ d s^ . 



,._ ^^i „ d\ 



hence, we finally have 

^ d^s 
Zmy^,-^.,^^ 

and similarly for other terms. In this way the first of equa- 
tions (165) becomes 
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Multiply the third of equations (166) by y, the second by i, 
subtract the latter from the former, and we have 






^3^ 



^Zy-'^Tz; 



which, substituted in the preceding equation, gives 

Dropping "Z before X, Y, Z, and letting those letters repre- 
sent the total axial components upon the entire body, and 
Zy-i, — Ysi, etc., the resultant moments of the applied forces, 
we have the six following equations for the motion of a solid 
body: 



(167) 



-s= 


^; 


-s= 


r; 


^s= 


Z\ 



'{ 



d^3i 



Ai 



my,^^-mB,^^ 



'p)^Zy,-YB,i 



( d?x^ 



Zlmsi 



mxi 



dPz{\ 






l™^"^ - myi-:^] = Ya^- 



(168) 



Equations (167) do not contain the coordinates of the point 
of application of the forces, heuce, the motion of translation 
of the centre of a mass is independent of the point of applica- 
tion of the force or forces ,' or, in other words, it is indepen- 
dent of the rotation of the mass. 

Equations (168) do not contain the coordinates of the centre 
of the mass, and being the equations for rotation, show that 
the rotation of a mass is independent of the translation of the 
centre. 
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These equations are sufficient for determining all the circum- 
stances of motion of a solid. In their further use the dashes 
and subscripts will be omitted. 

140. If X, Y, Z are zero, we hare 



/d'x dx ^ ^ 
5? = ^+^^ = «5 



and similarly for the others. Transposing, squaring, adding 
and extracting the square root, give 

Ida^ + df + ds" , 

" = V ^ = ^a^ + Ci + C, ; (169) 

which, being constant, shows that the motion of the centre of the 
mass is rectilinear and uniform. 

This is the general principle of the conservation of the 

CENTRE OF GRAVITY. 



CONSERVATION OF AREAS. 

141. The expression, 

ydx — xdy, 

is, according to Article 112, twice the sectoral area passed 
over by the radius vector of the body in an instant of time. 
Hence, if 

X{mydx — m,xdy) = dA^ ; 

differentiating, we find 

dJ'x d''y\ _ d?A^ 



^1 dPx d'y\ 

X[my^-mx^j = 



If there are no accelerating forces m-^^ = 0; and similarly 
for the others ; hence 



dt^ 

^x 
d¥ 



-W-^'' ~d?' ' 'df -^' 

.: A^ = c,t; A^ = c^t ; A, = c^t ; (170) 
1.5 
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the initial values being zero. These are the projections on the 
coordinate planes of the areas swept over by the radius vector 
of the body. They establish the principle of the ooNSEEVA-noN 
OF AEEAS. That is, 

In any system of hodies, moving without accelerating forces 
and having only mutual actions upon each other, the projections 
on any plane of the areas swept over Iry the radius vector are 
proportional to the times. 



CONSEEVATION OF ENERGY. 

142. Multiply each of equations (167) by dt, add and inte- 
grate, and we have 

W - Mv^ = 2/(X^£c + Ydy + Zdz) : 

and for a system of bodies, we have 

%{Mi?) - %{Mv^) = ^SfiXdx + Ydy + Zdz). (171) 

The second member is iiitegrable when the forces are directed 
towards fixed centres and is a function of the distances between 
them. 

Let a, 5, c be the coordinates of one centre, 
«^i! ^1) Ci; of another, etc. ; 
X, y, z, the coordinates of the particle m ; 
r, ri, etc., be the distances of the particle from the res- 
pective centres; 
F, Fx, etc., be the forces directed towards the respective 
centres ; 
then, resolving the forces parallel to the axes, we have 

-?= i^eos a'r F-t^ cos a + etc. 

^a — X —,a,—x 

= F + Fr -+ etc. ; 

r r 

T=F^^ + F^-^^+etc.; 
r r 

Z - F + Fx ~ + etc. 
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Multiplying by dx, dy, ds, respectively, and adding, we have 

Xdx + Ydy + Zdz=F\^^^^d^+'-^^dy + "-^ 

K r r T 

^pA^-^^dx^^-^^dy^ 



-dz 



+ etc. 



— ds 



But r» = {a - «/ + (J -yf + {o- sf ; (172) 

and by differentiating, we find 



similarly, 



dr= dx ^y - ■ ds ; 

r r r 

dr^ = - dx - - — ^dy - dz : 

n n n 



etc., etc., etc. 

These substituted above, give 

Xdx + Ydy + Zdz=^ —Fdr — F^dr^ - F^dr^ — etc. 

Therefore, if F, etc., is a function of r, etc., and /*, /ij, etc., 
the intensities of the respective forces at a distance unity from 
the respective centres, or 

F=i.4>{r); 

etc., etc. ; 

the second member, and hence the first, will be integrable. 

In nature, if a particle m attracts a particle m^^, the particle 
TOj will attract m, each being a. centre of force in reference to 
the other, and ioth centres will be movable in reference to a 
fixed origin. But one centre may be considered fixed in ref- 
erence to the other, and consequently the proposition remains 
true for this case. 

The second member of equation (171) being integrated be- 
tween the limits x, y, z and a?,, y^, Sj, we have 

Z {Mv") - 2: (Mvo') = 2Z,ji<l> {x, y, z) - 2Z/i<p {x„y„ z,) (173) 

Hence the gain or loss oflming force of a system,, subject to 
forces directed towards fixed centres and which are functions 
of the distance from those centres, is indepeTident of the path 
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described by the bodies, and depends only upon the position left 
and arrived at by the bodies, and the intensities of the forces 
at a units distance from the respecti/oe centres. 

Therefore, when the system returns to the initial position, or 
to a condition equivalent to the original one, the vis viva will 
be the same. 
From equation (171) we have 

The gain or loss of vis viva in passing from one position to 
aiiother equals twice the worTc done by the impressed forces. 
Let TTJ, = the work done by the impressed forces in passing 
fi-om some definite point (aJo, y^, Sp,) to an- 
other definite point {a^, y^, s.,) ; and 
W = the work done by the same forces in passing from 
the first point to any point {x, y, z,) between 
the two former ones ; 
then from equation (172), he have 

i^iMv^') - ii:{Mvo^ = Wo ; 
^S{Mv^)-.iSiMv) = W; 

and substracting the latter from the former, gives 
iX{M^) - iS{Mv,^) = Wo—W; 
or, by transposing, 

mM<^ + W= iSiMvo") + TFo ; 
in which the second member is constant. 

The first term of the first member is the kinetic energy 
which the system has at any point of the path, and the second 
term is tJie work which has been done by the forces upon the 
body and has become latent, or potential ; hence, in such a 
system the sum of the kinetic and potential energies is con- 
stant. 

This is the principle of the uoo.'Jskbvation of enekgt in 
theoretical mechanics; but in order to make the principle 
general it is necessary to consider a large class of problems 
not included in this analysis. 

If a portion of the universe, as the Solar System for in- 
etance, be separated from all external forces, the sum of the 
kinetic and pote»itial enei-gies will remain constant, so that if 
jiie kinetic energy diminishes, the potential increases, and the 
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converse. If external forces act, the potential and kinetic 
energies may both be increased. 

To be more specific, suppose that the earth and sun consti- 
tute the system, the sun being considered the centre of the 
force. The velocity of the earth will be greatest when nearest 
the sun, aTid will diminish as it recedes from it. While reced- 
ing, the amount of work done against the attractive force of 
the sun will be 

^Mv' - ^Mv,^ = -W; 
in which M\s the mass of the earth, «„ the maximum velocity, 
and V the velocity at any point. The second member is nega- 
tive because tlie first member is. 

"When the earth is approaching the sun the velocity is in- 
creased and the living force is restored, and the kinetic added 
to the potential energy is constant. 

Again, if a body whose weight is W be raised a height h, 
the work which has been done to raise it to that point is Wh, 
and in that position its potential energy is Wh. If it falls 
freely through that height it will acquire a velocity v V 2gh, 

W 

which is the kinetic energy. 

If the same body fall through a portion of the height, say 
Ai, its kinetic energy will be Whi = iMv^^, and the work which 
is still due to its position is W{h—hi), which, at that instant, 
is inert or potential. 

It is found, however, that in the use of machines or other 
devices, by which work is transmitted from one body to another, 
all the work stored in a moving body caimot be utelized. Thus, 
in the impact of nonelastic bodies there is always a loss of 
living force. (See Article 31.) 

This, so far as theoretical mechanics is concerned, is a loss, 
and is treated as such, and until modern Physical Science 
established the correlation of forces it was supposed to be 
entirely lost. But we know that in the case of impact heat is 
developed, and Joule determined a definite relation between 
the quantity of heat and the work necessary to produce it, and 
called the result the mechanical equivalent of heat. Further 
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investigations show that in every case of a. supposed loss of 
energy, it may be accounted for in a general way by the 
appearance of energy in some other form. It is impossible to 
trace the transformation of energy as it appears in mechanical 
action, friction, heat, light, electricity, megnetism, etc., and 
prove by direct measurements that the sum total at every 
instant and with every transformation remains rigidly con- 
stant ; but by means of careful observations and measurements 
nearly all the energy in a variety of cases has been traced from 
one mode of action to another, and the small fraction which 
was apparently lost could be accounted for by the imperfec- 
tions of the apparatus, or in some other satisfactory manner ; 
until at last the principle of the conservation of energy is 
recognized to be a law as universal as that of the law of gravi- 
tation. The exact nature of molecular energy which manifests 
itself in heat, chemical affinity, etc., are unknown, but, accord- 
ing to the general law, all energy whether molecular or of 
finite masses, is either kinetic ot potential j that is, "Energy of 
Motion," or "Energy of Position." 

COMPOSITION OF EOTAET MOTIONS. 

143. Let the a/ngular velocities about each of the rectangula/r 
axes of the movable system be known, it is required to find the 
instantaneous axis, and the angular velocity. 

Assume any point of the body and observe the path which it 
describes. Its path at the instant will be perpendicular to the 

instantaneous axis, and its angular 
velocity will be the angular velo- 
city required. The path may be 
oblique to the coordinate planes. 
Let it be projected on each of the 
planes, and let ac be the projection 
on xy. Let 

fOx, 0>y, 0>Z, 

be the angular velocities about the 
respective axes. Eesolve ac par- 
allel to X and y, ab being the former component, and be the 
latter. Then, at the instant will dc (or its equal ab) equal 
to^y, and (X<f = — (o,$c. 
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Siinilarly in regard to the axis of y, we have 

and in regard to x. 
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WjOJ, — (UajS, 



W«3. 



"When all these rotations take place at the same time, we 
have, by adding the corresponding velocities, the several velo- 
cities along the axes 



dx 



dt 

ds 

dt ' 



■■ (o^ — Wi^ ; - 



o^y — (o^. 



(174) 



The particles on the instantaneous axis have no velocity in 
reference to the movable origin, hence 



^=0 ^^ = 
dt ' dt ' 



ds 
dt 



= 0; 



.•. tHyS — <Ozy = 0, co^x — w^ = 0, m^y — a>^ = ; (175) 

which are the equations of a straight line through the orighi, 
and are the equations of the instantaneous axis. Let a, /3, 7 be 
the angles which it makes with the axes x, y, z resjiectively, 
then {Anal. Geom.), 



(Ox 



cos a = 



S/ai + w/ + 



Tr ^=^^^=4/; 



Wx + «/ + 0>i 



cos 7 = 



4/( 



<ii>x + Wy + «/ 



To determine the angular velocity of the body, take any 
point in a plane perpendicular to the instantaneous axis. Let 
the point be on the axis of x, and from it erect a perpendicular 
to the instantaneous axis, and we have 

(Oy + Wz 

p = xaina=x Vl — cos^ a = , 3 ^ -— — j^- 
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For this point y = and s = in equations (174), and we 
find for the actual velocity, 



¥ — 
and hence 



dt 



m = - = Vmi + V + ml; (176) 

"which represents the diagonal of a rectangular parallelopipe- 
don, of which the sides are <»a;, coy, ca^. 

144. General equations of rotation about a fixed point. 

Take the origin of coordinates at the fixed point. For this 

case equations (167) vanish. Substitute in (168), the values of 

d?x 

-=-^, etc., obtained from (174), and reduce. We have 

d^x dcDy d(Oz , , , , 

and similarly for the others. 

Let Z, Jif, JV^he substituted for the last terms respectively 
of equations (168), and substituting the above values in the last 
of these equations, we find 

—j^ Sm{a?+ y')+ tOxCOy Xm{o^ — y^ 



dt 

'da,, 



4- lft>j,«a ^\ Xmxz. 



- = m (177) 



The other two equations may be treated in the same manner. 
Bat they are too complicated to be of use. Since the position 
of the axes is arbitrary, let them be so chosen that 

Sinssy — 0, Xmxz = 0, Xmyz = ; (178) 

in which case the axes are called principal axes / and we will 
show that for every point of a body there are at least three 



[155, 146.] 



EULER'S EQUATIONS. 
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principal axes, each of which is perpendiciilar to tlie plane of 
the otlier two. Also, let 

A = Xraiy^ + s^), the moment of inertia of the body about x ; 

B = Sm{^ + a?), moment about y ; 

C = Sm{a? + y*), moment about 3 ; 
and substituting these several quantities in (177), we have 



B^ -{A- C)m^^ = M; 



<^w-(^ 



B ) »a;6)y 

These are called Enler's Equations. 



N. 



(179) 



NO ACCELEEATING FORCES. 

145. If there are no accelerating forces, Z = 0, J!f = 0, 
iV^= 0. A, B, C are constant for the same body, and if 
{B — C) -T- A = D, etc., we have 

dwx — Basyos^t = ; "j 

dcoy - Em^co^t = ; V (180) 

dta^ — FmxtOydt = Q. ) 

146. IfO' ipdy revoVoe about one of the prinovpal axes pass- 
ing through the centre of gravity of the hody, that axis loill 
suffer no strain from the centrifugal force. 

Let 2! be a principal axis, about which the body rotates. The 
centrifugal force of any particle will be 

m<^p = mo? \/^ + y^ ; 

which, resolved parallel to x and y, gives 

m<^x, ma?y ; 

and the moments of these forces to turn about s are, for the 

whole body, 

^mai'^xy, Xma?yx ; 
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but these, according to equations (178), are zero. If the body 
revolves about this axis it will continue to revolve about it if 
the axis be removed. For this reason it is called an axis of 
perma/nent rotation. 

147' If the body he free, and the initial rotation be not about 
a principal axis, the centrifugal force will cause the instan- 
taneous axis to change constantly, and it will never rotate 
about the permanent axis if free from extraneous forces. If, 
therefore, we observe that a free body revolves about an axis 
for a short time we infer that it revolved about it from the 
beginning of the motion. 

Example." 

If the earth were a homogeneous sphere, at what point must 
it be struck, and with what momentum, that it shall have a 
velocity of translation of F"and of rotation of w ? 

PEINCIPAl AXES. 

148. At every potnt of a iody there are at least three prin- 
cipal axes perpendicular to each other. 

When three axes meeting at a point in a body are perpen- 
dicular to each other, and so taken that 

Smxy = 0, Xmyz = 0, Smax = ; 
ihey are called Principal Axes. 

The planes containing the principal axes are called Princi- 
pal Planes. 

The moments of inertia in reference to the principal axes at 
any point are called the Principal Moments of Inertia at that 
point. 

Let OJVhe any line drawn through the origin, making angles 
a, yS, 7 with the respective coordinate axes. 
Fii-st find the moment of inertia about tlie 
line Olf. From any point of the line OJV, 
erect a perpendicular JVP. The coordi- 
nates of P will be X, y, s. Hence we have 
OI^ = x' +f + 0>; 
FiQ. 128. OJF = X cosa + yeos ^ +' s cos 7 ; 

1 = cos'a + cos^/8 + cos'7. 
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The moment of inertia of the body in reference to OJ\f will 
be 

J= •LmPN' = 2ot (OF' - OJV') 

= 2m ^ (.x^ + y'' + e'' — (xcoscL + y coa0 + z cos yf }■ 

= 2ot ■{ (x'+y^ + z') (oosV+ooa'3+cosV)-(tB cos a+y co3 /3+s cos 7)' }- 

= Sot (y^ + x') cosV + Sm (a;^ + s") oos'S + 2ra (3;= + y') cos«7 

— 22w(/^ cos /3 cos 7 — 3Sm«a! cos 7 cos a — ZSmxy cos a cos (3 

=A cos'o+Bcos'^+CcosV— S-DoosScosY— 3£'cos7coso— S-foosiicos^S ; 

in which A^B, C have the values given on page 233, and Z>, E, F 

are written for the corresponding factors of the preceding 

eqnation. 

This maj be illustrated geometrically. Conceive a radius 
vector, ?', to move about in space in such a manner that for all 
angles a,;8, 7 corresponding to those of the line ON, the square 
of the length shall be inversely proportional to the moment of 
inertia of the body. Then 

in which c is a constant. Hence the polar equation of the 
locus is 

-j=JLco8''a+Scos'3+ Goosey— 2I> coa^ 0037— 2Scos 7COS0— SJi^cosocos/S. 

Multiplying by r', we have 

c= Aa? + Bf + C^ - 2Dy3 - 2E3x - 2Fxy, 

which is the equation referred to rectangular coordinates, and 
is a quadric. Since A,B, and O are essentially positive, it is 
the equation of an ellipsoid, and is called the momental ellip- 
soid. Therefore, the moment of inertia about every line which 
passes through any point of a body may be represented by the 
radius vector of a certain ellipsoid. But every ellipsoid has at 
least three principal diameters, hence every material system has, 
at every point of it, at least three ^jrincipal axes. 

If the ellipsoid be referred to its principal diameters the 
coefficients of yz, sx, xy vanish, which proves the proposition ; 
and the equation of the ellipsoid becomes 

G^A^^Bf+C^. 

In many cases the principal diameters may be determined by 
inspection. 
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Part of Dana's Mineralogy.) By Prof. Geo. J. Brush. 

1 vol. 8vo, Sd edition, with corrections $3 00 

>BULL THOS. HINTS TO MOTHERS FOR THE MANAGEMENT OF 

HEALTH DURING THE PERIOD OF PREGNANCY, AND IN 

THE LYING IN ROOM. 

With an exposure of popular errors in connection with those subjects. By 

Thomas Bull, M.D. 

Ivol 12mo, cloth $1 00 

'CARLYLE THOS. ON HEROES, HERO-W^ORSHIP, AND THE HE- 
ROIC IN HISTORY. 

Six Lectures. Reported, with emendations and additions. 

1 vol. 12mo, cloth $0 75 

CATLIN GEO. THE BREATH OF LIFE, OR M.AL-RESPIRATION 
AND ITS EFFECTS UPON THE ENJOYMENTS AND LIFE OF 
MAN. 

With numerous wood engravings. 

1 vol. 8vo ; $0 75 

CHEEVER REV. GEO. B., D.D. PUNISHMENT BY DEATH; ITS 
AUTHORITY AND EXPEDIENCY. 

13mo. cloth $0 50 

HILL DIFFICULTY, AND OTHER MISCELLANIES. 

1 vol. 13mo, cloth $1 00 

JOURNAL OF THE PILGRIMS AT PLYMOUTH ROCK. 

1vol. 12mo, cloth $1 00 

WANDERINGS OF A PILGRIM IN THE SHADOW OF MONT 

BLANC. 

1 vol. 12mo, cloth |1 00 

WANDERINGS OF THE RIVER OF THE W^ATER OF LIFE. 

1 vol. ISmo, cloth |1 00 

^CHILD'S BOOK OF FAVORITE STORIES. 

Large colored plates. 

4to, cloth $1 50 
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COE BENJ. H. PROGRESSIVE DRAWING-BOOK. 

1 vol. cloth |3 50 

DRAWING FOB lilTTIiE FOLKS, OB FIRST LESSONS FOB THE 

NlTRSERir. 

30 drawings. Neat cover $0 20 

FIRST STUDIES IN DRAW^ING. 

Containing Elementary Exercises, Drawings from Objects, Animals, and 

Rustic Figures. 

Complete in three numbers of 18 studies each, in neat covers. Bach . . |0 20 

COTTAGES. 

An Introduction to Landscape Drawing. Containing 73 Studies. 

Complete in four numbers of 18 studies each, in neat covers. Each. .$0 20 

EASY LESSONS IN LANDSCAPE. 

Complete in four numbers of 10 studies each. In neat 8vo. cover. 

Each $0 20 

BEADS, ANIMALS, AND FIGURES. 

Adapted to Pencil Drawing. Complete in three numbers of 10 studies each. 
In neat 8vo covers. Bach |0 20 

COPY BOOK, WITH INSTBUCTIONS $0 37i 

COLBirBN X. LOCOMOTIVE ENGINEERING AND THE MECHANISM 
OF RAILWAYS. 

A Treatise on the Principles and Construction of the Locomotive Engine, 
Kailway Carriages, and Railway Plant, with examples. Illustrated by Sixty- 
four large engravings and two hundred and forty wood-cuts. By Zerah 
Colburn. 

Complete, 20 parts, $15.00; or 2 vols, cloth $16 00 

Or, halt morocco, gilt top |30 00 

COMMENTARY WHOLLY BIBLICAL, (The.) 

Contents : — The Commentary : an Exposition of the Old and New Testa- 
ments in the very words of Scripture. 3264 pp. II. An outline of the 
Geography and History of the Nations mentioned in Scripture. III. Tables 
of Meafcures, Weights, and Coins. IV. An Itinerary of the Children of 
Israel from Egypt to the Promised Land. V. A Chronological comparative 
Table of the Bangs and Prophets of Israel and Judah. VI. A Chart of the 
World's History from Adam to the Third Century, A.D. VII. A complete 
Series of Illustrative Maps. IX. A Chronological Arrangement of the Old 
and New Testament* X. An Index to Doctrines and Subjects, with numer- 
ous Selected Passages, quoted in full. XI. An Index to the Names of Per- 
sons mentioned in Scripture. XII. An Index to the Names of Places found 
in Scripture. XIII. The Names, Titles, and Characters of Jesus Christ our 
Lord, as revealed in the Scriptures, methodically arranged. 

3 vols. 4to, cloth $30 00 

3 vols. 4to, half morocco, gilt edges 30 00 

3 vols. 4to, morocco, gilt edges 40 00 

CONCOBDANCE. A MANUAL TO THE ENGLISH NEW TESTAMENT. 

18mo, i bd $1 25 

CONYBEARE W. I. PERVERSION, OR THE CAUSES AND CON- 
SEaUENCES OF INFIDELITY. 

A Tale of the Times. 12mo |1 00 

COOKE A. P. A TEXT-BOOK OF NAVAL ORDNANCE AND GUN- 
NERY. 

Prepared for the Use of the Cadet Midshipmen at the United States Naval 
Academy. By A. P. 'Cooke, Com. TJ. S. N. One thick volume, illustrated 
by about 400 fine cuts. Cloth $12 50 

CRACE-CALVEBT DR. F. DYEING AND CALICO PRINTING. 

Including an account of the most Recent Improvements in the Manufacture 
and Use of Aniline Colors. Edited by Dr. Stenhouse and C. E. Groves. 
Illustrated with wood engravings and numerous specimens of printed and 
dyed fabrics, l.vol. 8vo $8 00 

CROOKES WM. METALLURGY. See Kerl. 
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CRAFTS J. JIK. A SHORT COURSE! IX dVAIilTATIVX; CHEMICAIi 
ANAIiYSIS. 

With the new notation. By Prof. J. M. Crafts. Second edition. 

1 vol. 12mo, cloth $1 50 

DANA J. D. DESCRIFTIVX; mitVERAE.OG'X'. 

Comprising the most recent Discoveries. Fifth edition. Almost entirely 
re-written and greatly enlarged. Containing nearly 900 pages 8vo, and up- 
wards of 600 wood engravings. By Prof. J. D. Dana. Aided by Prof. Geo. 
J. Brush. Including Appendices by Profs. Brush and E. S. Dana, complet- 
ing the work up to 1875. 
Cloth |10 00 

" Wo have used a good many works or Mineralogy, but have met with none that begin to compare 
with this in fulness of plan, detail, and execution." — American Jowrnal uf Mining. 

ArPEivmcES TO ditto. 

Completing the work to 1875, by Prof. Geo. J. Brush and E. S. Dana. 

Svo f 1 00 

DETERtllNATIVE PIIINERAI.OGY. 

(See Brush's Blow-Pipe, etc). 1 vol. 8vo, cloth $3 00 

A TEXT-BOOK OF MINERAKiOOY. 

1 vol. (In preparation.) 
DOWNING A. J. & C. COTTAGE RESIDENCES. NEW EDITION. 

A Series of Designs for Rural Cottages and Cottage Villas, and their Gardens 
Grounds. By A. J. Downing. Containing a revised List of Trees, Shrubs, 
and Plants, and the most recent and best selected Fruit, with some account 
of the newer style of Gardens. By Henry Wiuthrop Sargent and Charles 
Downing. With many new designs in Rural Architecture. By George 
Harney, Architect. 
1 vol. 4to $6 00 

ENCYCliOPEDIA OF FRUITS. 

Or, Fruits and Fruit Trees of America. Part I. — Apples. With Supple- 
ments, containing many new varieties, and brought down to 1876. By Chas. 
Downing. With numerous outline engravings. 
8vo, full cloth $3 50 

ENCYCIiOPEDIA OF FRUITS. 

Or, Fruits and Fruit Trees of America. Part 3. — Chekries, Grapes, 
Peaches, Pears, &c. With Supplements, containing many new varieties, 
and brought down to 1876. By Charles Downing. With numerous out- 
line engravings. 
Svo, full cloth |3 50 

FRUITS AND FRUIT TREES OF AMERICA. 

1 , the Culture, Propagation and Management in the Garden and Orchard 

Fruit Trees generally, with descriptions of aU the finest varieties of Fruit, 
Native and Foreign, cultivated in this country. By A. J. Downing. Second 
revision and correction, with large additions. By Charles Downing. 

1 vol. Svo, over 1100 pages, with several hundred outline engravings, includ- 
ing. Suppiements for 1873 and 1876 $5 00 

"As a work of reference it has no equal in this country, and deserves a place in the library of 
every pomologist in America." — Marshall P. Wilder. 

HORTICUliTURE. 

See Lindley. 

HINTS TO PERSONS ABOUT BUIUDING IN THE COUNTRY.- 

AND HINTS TO VOUNG ARCHITECTS. 

Calculated to facilitate their practical operations. By George Wightwick, 
Architect. Wood engravings. Svo, cloth $3 00 

liADIES) FliOWER GARDEN. 

See Loudon. 

SELECTED FRUITS, 

From Downing's Fruits and Fruit Trees of America. With some new va- 
rieties, including tlieir Culture, Propagation, and Management in the Gar- 
den and Orchard, with a Guide to the selection of Fruits, with reference to 
the Time of Ripening. By Charles Downing. Illustrated with upwards of 
four hundred outlines of Apples, Cherries, Grapes, Plums, Pears, &c. 
lTol.l3mo $2 50 
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♦BAVSDSON B. ANALYTICAL IIEBREUr AND CIIALDX:!!; LEXICON, 

Consisting of an alphabetical arrangement of every word and inflection con- 
tained in the Old Testament Scriptures, precisely as they occur in the sacred 
text With a grammatical analysis of each word and lexicographical illus- 
tration of the meanings. A complete series of Hebrew and Chaldee para- 
digms, with grammatical remarks and explanations, by B. Davidson. 

1 vol. small 4to. half-bound |11 00 

DIJ BOISA. J. ELEMENTS OF CRAPHICAL STATICS. 

And their Application to Framed Structures. With numerous practical ex- 
amples. Cranes ; Bridge, Roof, and Suspension Trusses ; Braced and Stone 
Arches; Pivot and Draw Spans ; Continuous Girders, etc., together with the 
best methods of calculation, and containing also new and practical formulae 
for the Pivot or Draw Span, Braced Arch, Continuous Girder, &c. 

2 vols. 8vo, 1 vol. text and 1 vol. plates $5 00 

HYDRAULIC MOTORS. 

With numerous practical examples for the calculation and construction of 
Water Wheels, including Breast, Undershot, Back-jitch, Overshot Wheels, 
&c , as well as a special discussion of the various forms of Turbines, 
translated from the fourth edition of Weisbach Mechanics, profusely illus- 
trated. 
1 vol. 8vo. 

EDTT.VRDS E. FREE TOWN LIBRARIES. 

The Formation, Management and History in Britain, France, Germany, 
and America Together with brief notices of book-collectors, and of the 
respective places of deposit of their surviving collections. By Edward Ed- 
wards. 
1 vol. thick 8vo $4 00 

'ENGLISHMAN'S, THE, GREEK. CONCORDANCE OF THE NETT TES 
TAMENT. 
Being an attempt at a verbal connection between the Greek and the English 
Texts ; including a concordance of the Proper Names, with Indices, Greek- 
English and English-Greek. Sixth edition. Svo $10 00 

'ENGLISHMAN'S, THE, HEBREW AND CHALDEE CONCORDANCE 
OF THE OLD TESTAMENT. 
Being an attempt at a verbal connection between the Original and the Eng- 
lish Translation, with Indices, a List of Proper Names, and their Occur- 
rences, &c. Third edition. Two vols. Svo, cloth $35 00 

FAIRBAIRN "WM. ON THE APPLICATION OF CAST AND WROt'GHT 
IRON FOR BUILDING PURPOSES. 

8vo, cloth $3 00 

FITZGERALD WALTER, THE BOSTON MACHINIST. 

Being a complete School for the Apprentice as well as the Advanced Machin- 
ist, showing how to make and use every tool in every branch of the business ; 
with a treatise on Screws and Gear-cutting. 
1 vol. 18mo, cloth $0 75 

FRANCKE. OUTLINES OF A NEW THEORY OF DISEASE, 

Applied to Hydropathy, showing that water is the only true remedy. With 
observations on the errors committed in the practice of Hydropathy, notes 
on the cure of cholera by cold water, and a critique on Priessnitz's mode of 
treatment. Intended for popular use. By the late H. Francke. Trans- 
lated from the German by Robert Blakie, M.D. 
1 vol. 13mo, cloth f 1 50 

FRESENIUS C. REMIGIUS, A MANUAL OF QUALITATIVE CHEMI- 
CAL ANALYSIS. 
By C R. Fresenius. Translated into the New System, and newly edited by 
Samuel W. Johnson, M.A., Prof, of Theoretical and Agricultural Chemistry, 
in the Sheffield Scientific School of Yale College, New Haven. 

1 vol. Svo, cloth. 1875 f * 50 

Ditto. Edition of 1S74. Svo, cloth $3 00 

A SYSTEM OF INSTRUCTION IN CtUANTITATIVE CHEMICAL 

ANALYSIS. 
From latest editions, edited, with additions, by Prof. S. W. Johnson. With 
Chemical Notation and Nomenclature, old and new, $6 00 
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FBENCH B. F. HISTORf OF THE RISF AND PROGRESS OF THE 
IRON TRADE IN THE UNITED STATES FROM 1621 TO 1S57. 

With numerous statistical tables relating to the manufacture, importation, 

exportation, and prices of iron for more than a centnry. 

8vo, cloth $3 00 

FRTER TT. I. ARCHITECTITRAI. IRON TFORK.-i 

A practical work for Iron Workers, Architects and Engineers, and all whose 
trade, profession, or business connects them with architectural iron work, 
showing the organization and mechanical and financial management of a 
foundry and shops for the manufacture of iron work for buildings, with 
specifications of iron work, useful tables and valuable suggestions for the 
successful conduct of the business, with many fine wood engravings. 
8vo, doth $3 50 

GEIiDARD JAS. HANDBOOK ON COTTON MANUFACTURE; OR, A 
GUIDE TO aiACHINE-BUIUDING, SPINNING, AND TTEAVING. 

With practical examples, all needful calculations, and many useful and im- 
portant tables. The whole intended to be a complete yet compact authority 
for the manufacture of cotton. With steel engravings. 
1 vol. 12mo, cloth |2 50 

GESENIUS Dr. "Wm. HEBRE'tf AND CHAI.DEE UEXICON TO THE 
OI/D TESTAMENT SCRIPTURES. 

Translated and edited, with additions and corrections from the author's The- 
saurus and other works, by S. P. Tregelles, LL.D. 
In thiR edition great care ha=4 been talcen to gaard the student from NeoLogian tendencies by snita- 
ble remarks whenever needed. 

'^ The careful revisal to which the licxicon has been subjected hy a faithful and Orthodox transla- 
tor exceedingly enhances the practical value of this edition." — Ediiityurgh Ecclestastical Journal, 

Small 4to, in large clear and perfect type, ^ bd. $7 00 

GOURAUD F. F. PHKENO-MNEMOTECHNT ; OR, THE ART OF 
MEMORY. 

The series of Lectures explanatory of the principles of the system. 

1 vol 8vo, cloth |2 00 

PHRENO-MNEMOTECHNIC DICTIONARY. 

Being a Philosophical Classification of all the Homophonic Words of the 
Snglish Language. To be used in the application of the Phreno-Mnemo- 
technic Principles. By Francis Fauvel-Gouraud. 1 vol. 8vo $2 50 

GREEK AND ENGUISH NEW TESTAMENT (CRITICAI,). 

Consisting of the Greek Text of Scholz, with the Headings, both textual and 
marginal, of Griesbach ; and the variations of the editions of Stephens, 
1550; Beza, 1598; and the Elzevir, 1633 ; with the English Authorized Ver- 
sion, and its marginal renderings. 624 pp. 

18mo, neatly half bound $2 50 

" full turkey morocco 4 50 

" " " " Ump 4 50 

The same, including GREEN'S GREEK LEXICON. 

18mo, neatly half bound , |4 00 

' ' full turkey morocco, stiff 6 00 

" " " " Ump 6 00 

The same, including GREEN'S GREEK LEXICON and an ENGLISH CON- 
CORDANCE. 

18mo, neatly half bound |g 00 

" full turkey morocco 7 00 

" full turkey morocco, limp and projecting edges and band 7 50 

"To the Preacher, Bible-Class Teacher, and Student, this little volume will be a treasure." 
GREEK CONCORDANCE. 

See Englishman's. 

*GREENFIEI>D 1VM. NOVUM TESTAMENTUM GR^aECUM. 

Ad exemplar MUUanum cum emendationibus et lectionibus Griesbachii, 
praecipuis vocibus, ellipticis Thematibus omnium Vocum difScUiomm. 
Atque locis Scriptarae parallelis. 

32mo, + bnd $1 75 

The same, with GREEK LEXICO i N,bnd 2 25 
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GRXIEIV II. A TREATISE ON DISEASES OF THE AIR-PASSAGES. 

Comprising an inquiry into the History, Pathology, Causes, and Treatment 
of those Affections of the Throat called Bronchitis, Chronic Laryngitis, 
Clergyman's Sore Throat, etc , etc. By Horace Green, M.D. Fourth 
edition, revised and enlarged. One vol. 8vo, cloth $3 00 

A PRACTlrAL TREATISE ON PUl,MONARY TITRERCCJLOSIS, 

Embracing its History, Pathology, and Treatment. Colored plates. 

1 vol. 8vo, cloth $5 00 

OHSERVATIONS ON THE PATHOLOGY OF CROITP. 

With Eemarlis on its Treatment by Topical Medications. 

1 vol. 8vo, cloth $1 35 

ON THE SURGIOAIi TREATMENT OP POIiYPI OF THE I.A- 

RA'NX, ANIXEDEMA OF THE GLOTTIS. 
1 vol. fevo $1 35 

FAVORITE PRESCRIPTIONS OF LIVING PRACTITIONERS. 

With a Toxioologioal Table, exhibiting the Symptoms of Poisoning, the An- 
tidotes for each Poison, and the Test proper for their detection. 

1 Tol. 8vo, cloth $2 50 

» S. G. HAND ROOK TO THE GliAIHMAR OF THE GREEK TES- 
TAMENT, 
Together with a complete Vocabulary and an Examination of the chief New 
Testament Synonyms. Illustrated by numerous examples and comments. 
]3mo, cloth $3 00 

T. SHELDON. GREEK AND ENGLISH LEXICON TO THE NEW 

TESTAMENT. 

New edition, with additions and alterations. 18mo, i bnd $1 50 

Wm. H., D.D. A GRAOTMAR OF THE HERREW LANGUAGE. 

With copious Appendices. By W. H. Green, D.D., Professor in Princeton 
Theological Seminary. 

1vol. 8vo, cloth $3 50 

AN ELEMENTARY HERREIV GRAMIHAR. 

With Tables, Beading Exercises, and Vocabulary. Second thoroughly re- 
vised edition. 1 vol. 12mo, cloth $1 35 

HERREW CHRESTOOTATHY; OR, LESSONS IN READING AND 

WRITING HERRETF. 

1 voL 8vo, cloth $3 00 

THE PENTATEUCH VINDICATED FROM THE ASPERSIONS 

OF RISHOP COLENSO. 

Ivol. 13mo, cloth $1 25 

HATFIELD R. G. THE AMERICAN HOUSE CARPENTER. 

A Treatise on the ART OF BUILDING and STRENGTH OF MATERI- 
ALS (including Cornices and Mouldings, Framing, Doors, Windows, and 
Stairs), together with the most important principles of Practical Geometry. 
New. thoroughly revised, and improved edition, with about 150 additional 
pages, and numerous additional plates. 

1vol. 8vo **^ 50 

NOTICES- OF THE WOEK. 
" The clearest and most thoroughly practical work on the subject." 
" This work ja a most exoeMent one, very comprehensive, and lucidly arranged. 
"This work commends itself by its practioaliexcellouoe." ..... „ ,.„ ,„™ „„i„„ 

" It is a valuable addition to the library ot the architect, and almost mdispensable to every scien- 
tific master-mechanic . "—iZ. R. Journal. 

HEHREW-ENGLISH LEXICON.. . 

Containing all the Hebrew and Chaldee words in the Old Testament Scrip- 
tures, with their meaning in English. The an-angement of this Manual 
Lexicon combines two things -the etymological order of roots and the alpha- 
betical order of words. This arrangement tends to lead the learner onward ; 
for as he becomes more at home with roots and derivatives, he learns to 
turn at once to the root, without first searching for the particular word in 



its alphabetic order. 
18mo, i bnd. 



$2 00 

'ThiriTthemost^beantiVui, and at the same time the most oorreot and perfect Manual Hebrew 
Leiloon we have ever used." —SclecUo Review. 
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HEBREW BIBIiE:. 

Large and dear type. See Letteris. 

HEBREW concordance:. 

See EngUshman' s. 
HEIGHWAY O. MV. T. 1.E:II.A ADA. 

The Jewish Convert ; including her Diary. 

13mo, cloth $1 00 

THE RELATIVES OF LEIIiA ADA. 

With some account of the present persecutions of the Jews. 

12mo, cloth $1 00 

HERSGHEL, C. A HANDBOOK FOR BRIDGE ENGINEERS. 

By C. Hersohel. ' In 3 vols. Each vol. complete in itself. Vol. I. Straight 
and Beam Bridges. Vol. II. Suspension and Arched Bridges. Vol. III. 
Stone Bridges ; Bridge Piers and their Foundations. 
HOIiliV H. IV. CARPENTERS' AND JOINERS' HANDBOOK. 

Containing a Complete Treatise on Framing, Hip and Valley Koofs, together 
with much valuable instruction for all Mechanics and Amateurs, useful 
Rules, Tables never before published, etc. 

1vol. 18mo, cloth $0 75 

SAWr FIIilNG. 

The Art of Saw Filing Scientifically Treated and Explained on Philosophical 
Principles. With explicit directions for putting in order all kinds of Saws, 
from a Jeweller's Saw to a Steam Saw-mill. Illustrated by forty-four en- 
gravings. Third edition. By H. W. HoUy. 
1 vol. 18mo, cloth $0 75 

JOHNSON S, W. aUAI-ITATIVE AND CJUANTITATIVE CHEMICAIi 
ANALYSIS. 

See fresenius. 

JONES THOS. BOOKKEEPING AND ACCOUNTANTSHIP. 

Elementary and Practical. In two parts, with a Key for Teachers. The 
Theory of Debit and Credit being disentangled from particular formp, and 
taught thoroughly as a Science, the whole being adapted to Schools, Self- 
Instruction, or Counting-house reference, and based on twenty years" expe- 
rience in teaching the subject. 
1vol. 8vo, cloth |3 50 

BOOKKEEPING AND ACCOUNTANTSHIP. 

School Edition. 1 vol. Svo, | roan $1 50 

BOOKKEEPING AND ACCOUNTANTSHIP. 

Set of Blanks. In 6 parts $1 50 

BOOKKEEPING AND ACCOUNTANTSHIP. 

Double Entry ; Results obtained from Single Entry ; Equation of Payments, 
etc. 1 vol. thin Svo $0 75 

KEMP E. LANDSCAPE GARDENING; OR, HOW TO LAY OUT A 
GARDEN. 

Intended as a general guide in choosing, forming, or improving an estate 
(from a quarter of an acre to a hundred acres in extent), with reference to 
both design and execution. With numerous fine wood engravings. By 
Edward Kemp. 1 vol. 12mo, cloth |3 50 

KERL PROF. A PRACTICAL TREATISE ON METALLURGY. 

Adapted from the last German edition of Prof. Kerl's Metallurgy. By Wil- 
liam Crookes and Ernst Rohrig. 

In 3 vols, thick Svo. Price $30 00 

Separately. Vol. 1. Lead, Silver, Zinc, Cadmium, Tin, Mercury, Bismuth, 

Antimony, Nickel, Arsenic, Gold, Platinum, and Sulphur f 10 00 

Vol. 3. Copper and Iron 10 00 

Vol. 3. Steel, Fuel, and Supplement 10 00 

KIRKWOOD J. P. COLLECTION OF REPORTS (CONDENSED) AND 
OPINIONS OF CHEMISTS IN REGARD TO THE USE OF LEAD 
PIPE FOR SERVICE PIPE. 

In the Distribution of Water for tte Supply of Cities. By Jas. P. Kirk- 
wood. Svo, cloth $1 50 
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KiATHX:, THE, AND ITS USES; OR, INSTKXJCTION IN THE ART 
OF TURNING AVOOD AND METAfc. 

Including a description of the most modern appliances for the ornamenta- 
tion of plane and curved surfaces, with a description also of an entirely novel 
form of Lathe^toi Eccentric and Rose Engine Turning, a Lathe and Turn- 
ing Machine combined, and other valuable matter relating to the Ait. 
1 vol. 8vo, copiously illustrated. Third edition, with additional chapters 

and index. 8vo, cloth. . ; ,^7 00 

" The most complete work on the subject ever published." — Amertcan Artisan. 
" Here is an invaluable book to the practical workman and amateur."— iondore Weekly Tlmen. 
I.EEDS I,. W. A TREATISE ON VENTII.ATION. 

Comprising Seven Lectures delivered before the Franklin Institute, showing 
the great want of improved methods of Ventilation in our buildings, giving 
the chemical and physiological process of respiration, comparing the effects 
of the various methods of heating and lighting upon the ventilation, etc. 
Illustrated by many plans of all classes of public and private buildings, show- 
ing their present defects, and the best means of improving them. 

1 vol. 8vo, with numerous wood-cuts and colored plates. Cloth $2 50 

" It ought to be in the hands of every family in the country." — Technologist. 
" Kothing could be clearer than the author's exposition of the principles and practice of both good 
and bad ventilation." — Van NostrancV'i Engineering Magazine. 

" The work is every way worthy of the widest circulation." — Scientific American, 
'I.ETTERIS. THE HEBREW BIBIiE. 

Revised and carefully examined by Myer Levi Letteris. 

1 vol. 8vo, with key, marble edges '^3 50 

"This edition has a Urge and much more legible type than the known one volume editions, and 
the print is excellent, while the name of Letteris is a sufficient guarantee for correctness." — Rev, Dk. 
J. M. Wise, Editor of the Israelite. 

I^IEBIG JUSTUS VON. CHEMISTRY IN ITS APPIilCATION TO 
AGRICUIiTURE AND PHYSIOIiOGY. 

Edited from the MS. of the author by L. Playfair and Wm. Gregory, M.D. 
ISmo, cloth $1 00 

I-ETTERS ON mODERN AGRICtTIiTURE. 

By Baron Von Liebig. Edited by John Blyth. M.D. With Addenda by a 
practical Agriculturist, embracing valuable suggestions, adapted to the wants 
of American Farmers. 1 vol. 13mo, cloth $1 00 

PRINCIPliES OF AGRICUIiTURAL. CHEMISTBY. 

With special reference to the late researches made in England. By Justus 
Von Liebig. 1 vol. 12mo 75 cents 

IiINDLEY J. THE THEORY OF HORTICULTURE. 

With additions by A. J. Downing. 12mo, cloth , $3 00 

liOUDON'S G.\RDENING FOR UADIES, AND COMPANION TO THE 
FLOWER-GARDEN. 

Second American from third London edition. Edited by A. J. Downing. 
1 voL 1 2mo $2 00 

DIACFARIiANE ROBT, A PRACTICAL TREATISE ON DYEING AND 
CALICO-PRINTING. 

Including the latest Inventions and Improvements. With an Appendix, com- 
prising definitions of chemical terms, with tables of Weights, Measures, etc. 
By an experienced Dyer. With a Supplement, containing the most recent 
discoveries in color chemistry. By Robert Macfarlane. 
1vol. 8vo |5 00 

MAGNUS PHILIP. LESSONS IN ELEMENTARY MECHANICS. 

Introductory to the study of Physical Science. Designed for the use of 
Schools, etc. With Emendations and Preface by Prof. De Volson Wood. 
With numerous examples and 131 wood engravings. 
]8mo, cloth $150 

MANUAL CONCORDANCE, A, TO THE ENGLISH NEW^ TESTAMENT. 

1 vol. 18mo, ibnd $1 S5 

MITCHELL J. A MANUAL OF PRACTICAL ASSAYING. 

By John Mitchell. Fourth edition, edited by William Crookes. With num- 
erous plates. 1 vol. thick 8vo, cloth $10 00 
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MA HAN D. H, ADVANCED GUARD, OtJT-POSTS, AND DETACH- 
MENT SEKVICE OF TROOPS. 

With the Eessentlal Principles of Strategy and Grand Tactics. For the use 
of Officers of the Militia and Volunteers. By Prof. D. H. Mahan. New- 
edition, with large additions and 12 plates. 18mo, cloth $1 50 

A TREATISE ON CIVIlj ENGINEERING. 

Revised and edited, with additions and new plates, by Prof. De Volson Wood. 

With an Appendix and complete Index. 8vo, cloth $5 00 

AN EliEMENTARY COURSE OF MIUITART ENGINEERING, 

COMPRISING FIEIiD FORTIFICATION, MII-ITARTT MINING, 

AND SIEGE OPERATIONS. 
8vo, cloth $3 50 

AN EliEMENTARV COURSE OF PERMANENT FORTIFICA- 

TION. 
For the use of the Cadets of the TJ. S. Military. Revised anH edited by J. 
B. Wheeler, Professor in U. S. Academy. 1 vol. 8vo, plates $6 50 

DESCRIPTIVE GEOMETRY, 

As applied to the Drawing of Fortifications and Stereotomy (Stone Catting.) 

For the use of the Cadets of the U. S. Military Academy. 

1 vol. 8vo, plates f 1 50 

MECHANICAIi PRINCIPIiES OF ENGINEERING AND ARCHI- 

TECTURE. 
See Mosely. 

INDUSTRIAL DRAWIVG. 

Comprising the description and uses of Drawing Instruments, the construc- 
tion of Plane Figures, the projections and sections of Geometrical Solids, 
Architectural Elements, Mechanism, and Topographical Dravring. With 
remarks on the method of Teaching the subject. . For the use of Academies 
and Common Schools. 
1 vol 8vo. Twenty steel plates. Full cloth $3 00 

MIIiliER IVM. A. ELEMENTS OF CHEMISTRY, THEORETICAIj 
AND PRACTICAL. 

By Wm. Allen Maier. 3 vols. 8vo $18 00 

Part I.— CHEMICAL PHYSICS. 1 vol. 8vo $4 00 

Part II.— INORGANIC CHEMISTRY. 1 vol. 8vo $6 00 

■ Part III. — ORGA NIC CHEMISTRY. 1 vol. 8vo $10 00 

" Dr. Miller's Chamistry is a work of which the author has every reason to feel proud. It is now 
by far the largest and most accurately written Treatise on Chemistry in the English language," etc. — 
Dublin Med. Journal. 

MAGNETISM AND ELECTRICITY. 

By Wm. Allen MiUer. 1 vol 8vo $3 50 

MOSELY H. MECHANICAL PRINCIPLES OF ENGINEERING AND 
ARCHITECTU R E. 

By Henry Jlosely, M.A. , F.R.S. From last London edition, with considera- 
ble additions, by Prof. D. H. Mahan, LL.D., of the TJ. S. MUitary Academy. 
1 vol. 8vo, 700 pages. With numerous outs. Cloth $5 00 

MORFIT C. A PRACTICAL TREATISE ON THE MANUFACTURE 
OF SOAPS. 

With numerous wood-outs and elaborate working drawings. By Campbell 
Morfit, M.D.,F.C.S. 1 vol. 8to $30 00 

*MUSPRATT S. CHEMISTRY— THEORETICAL, PRACTICAL, AND 
ANALYTICAL. 

As applied and relating to the Arts and Manufactures. With numerous 
steel plates and wood engravings. By Dr. Sheridan Muspratt. 

3 vols, royal 8vo, over 2,000 pages. Cloth $19 00 

Half Russia $35 00 

NORTON W. A. A TREATISE ON ASTRONOMY, SPHERICAL AND 
PHYSICAL, 

With Astronomical Problems, and Solar. Lunar, and other Astronomical 
Tables for the use of Colleges and Scientific Schools. By Prof. William A. 
Norton Fourth edition, revised, remodelled, and enlarged^ Numerous plates. 
8vo, cloth $3 50 
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O'NEIIi CHAS. THE PRACTICE AND PRINCIPIiES OF CALICO 
PRINTING, BliEACHING, DYEING, icC. 

1 vol. 8vo, cloth 

THE TEXTILE COL.ORIST. 

A Monthly Journal of Bleaching, Printing, Dyeing and Finishing Textile 
Fabrics, and the manufacture and application of Coloring Matters. Price, 
per year, in advance, $12.00. (Nos. 1 to (5 now ready.) Specimen numbers 
mailed and prepaid on receipt of $1 . 00. 

PARKER J. A. QUADRATURE OF THE CIRCLE. 

Containing demonstrations of the errors of Geometers in iinding the Approxi- 
mations in use. With an Appendix and Practical Questions on the Quadra- 
ture applied to the Astronomical Circles ; to which are added Lectures on 
Polar Magnetism aud Non-existence of Projectile Forces in Nature. By 
John A. Parker. 1 vol. 8vo. cloth $3 50 

PERKINS M. AN ELEMENTARY MANUAL OF QUALITATIVE 
CHEMICAL ANALYSIS. 

By Maurice Perkins. 13mo. cloth $100 

REID D. B. VENTILATION OF AMERICAN DWELLINGS. 

With a series of diagrams presenting examples in different classes of habita- 
tions. By David Boswell Beid, M.D. To which is added an introductory 
outline of the progress of improvement in ventUation. By Elisha Harris, 
M.D. 1vol. 12mo $1 50 

KEIOT.ANN OT. ON ANILINE AND ITS DERIVATIVES. A TREATISE 
UPON THE MANUFACTURE OF ANILINE AND ANILINE 
COLORS. 

To which is added the Report on the Coloring Matters derived from Coal 
Tar, as shown at the French Exhibition, 1867. By Dr. Hofmann. Edited 

by Wm. Crookes. 1 vol. Svo, cloth , $3 50 

" Dr. Reimann's portion of the Treatise, written in concise language, is profoundly practical, giving 
the minutest details of the proces-ses for obtaining all the more important colors, with wood-outs of ap- 
paratus Taken iu conjunction with Hofmann's Report, we have now a complete history of Coal-Tar 
Dyes, both theoretical and practical." — Chemist and Druffgiftt. 

RICE J. OT. AND JOHNSON W. 'W. ELEMENTS OF THE DIFFEREN- 
TIAL CALCULUS. 
Founded on the Method of Rates or Fluxions. Svo. 

RUSKIN JOHN. AVORKS OF. 

AN INaUIRY INTO SOME OF THE CONDITIONS AFFECTING 

"THE STUDY OF ARCHITECTURE" IN OUR SCHOOLS. 

1 vol. 13mo, paper , $0 15 

ARATRA PENTELECI. 

Six Lectures on the Elements of Sculpture, given before the TJniver.sity of 
Oxford. 13mo, cloth, $1.50, or with plates .$3 00 

ARIADNE FLOBENTINA. 

Six Lectures on Wood and Metal Engraving, given before the University of 

Oxford. 13mo, cloth, (complete) |1 50 

Ditto. Parts 4, 5 and 6. 13mo, cloth $1 >JU 

ART CULTURE. . ,,, , 

A Hand-Book of Art Technicalities and Criticisms, selected from the Works 
of John Ruskin, and arranged and supplemented by Rev. W. H. Piatt, for 
the use of the InteUigent Traveller and Art Student, with a new Glossary 
of Art Terms and an Alphabetical and Chronological List of Artists. A 
beautiful volume, with many illustrations. 

1 vol. ISmo, cloth extra, gilt head .i|fd uu 

" Mr Piatt has worked out an idea so striking for its attractiveness and utility that, percoivmg it, 
we at ™ce ?o to w, XwondeTing that somebody else had not executed it before him He has gone 
"ver the vast and mperb areas of John Buskin's Writings, and cutting out one block here and ono her 
there as™ mited Ms purpose, has put all these parts together again into a 1' ."'"y ^o™"' o™*^"""? 
fdear and Z™.n oils system of Irt principles, wherein Ruskin nil the while is the teacher. He has 
?eduid RuskTto a^odi!^ On the whole, we see not what this book acks of being a complete text- 
book of the Gospel of Art according to St. John Uuskin.-C'/-rts«an Union. 

DEUCALION. „ „ T. i 1 JO 

Collected Studies on the Lapse of Waves and Life of Stones. Parts 1 and 3 
13mo, cloth • • • * 
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R1TSKIIV, JOHN. TirORKS OV,—C'onUnuea. 
FORS CliAVIGERA. 

Letters to the Workmen and Laborers of Great Britain. Part 1. 

1 vol. ISmo, cloth, plates f 1 OC 

FORS CliAVieERA. 

Letters to the Workmen and Laborers of Great Britain. Part 3. 

1 vol. 13mo, cloth, plates $1 00 

FORS CliAVIGFRA. 

Letters to the Workmen and Laborers of Great Britain. Part 3. 

1 vol. 13mo, cloth 

FRONDE'S AGRESTES. 

Readings on "Modern Painters.'' Chosen at her pleasure by the author's 
friend, the Younger Lady of the Thwaite, Coniston. 

1 vol. 13mo, cloth f 1 00 

KING OF THE GOL.DEN RIVER, A ; 

Or, The Black Brothers. A Legend of Stiria. a. 

I/ECXCTRES ON ARCHIXECTURE AND PAINTING. 

Delivered at Edinburgh. With illustrations, drawn by the author. 

1 vol. 13mo, cloth $1 50 

liECTURES ON ART. 

Delivered before the University of Oxford in Hilary Term. 

1 vol. 12mo, cloth |1 00 

liOVE'S mEINE. 

Lectures on Greek and English Birds, given before the University of Oxford. 
13mo, cloth $1 00 

irtODERN PAINTERS. 

Five vols, tinted paper, bevelled boards. 

Vol. 1.— Part 1. General Principles. Part 3. Truth. 

Vol. 2.— Part 3. Of Ideas of Beauty. 

Vol. 3.— Part 4 Of Many Things. 

Vol. 4. — Part 5. Of Mountain Beauty. 

Vol. 5. — Part 6. Leaf Beauty. Part 7. Of Cloud Beauty. Part 8. Ideas of 
Relation of Invention, Formal. Part 9. Ideas of Relation of In- 
vention, Spiritual. 

13mo, cloth, plates, in box $18 00 

" half calf, plates 37 GO 

" cloth, without plates 13 00 

" half calf , without plates 30 00 

inORNINGS IN FliORENCE. 

Being Simple Studies on Christian Art for English Travellers. Santa Croce 
—The Golden Gate— Before the Soldan— The Vaulted Roof- The Strait 
Gate. 13mo, cloth $1 00 

MUNERA PCI.VER1S. 

Six Essays on the Elements of Political Economy. 

1 vol. 12mo. cloth $1 00 

NOTES ON THE CONSTRUCTION OF SHEEPFOIiDS; Or, Visible 

Churches, b. 

PRECIOUS THOUGHTS : 

Moral" and Religious. Gathered from the Works of John Ruskin, A.M. By 

Mrs. L. 0. Tuthill. 

1 vol. 13mo, extra cloth, gilt head $3 00 

PRE-RAPHAELITISM. 

(Including a and 6). 1 vol. ISmo, cloth $1 00 

PROSERPINA. 

Studies of Wayside Flowers, vsrhile the air was yet pure. Among the Alps 
and in the Scotland and England which my father knew. Parts 1 and 2. 
13mo, cloth $1 00 

SEIiECTIONS from: THE 'WRITINGS OF JOHN RUSKIN. 

1 vol. 13mo, extra cloth, gilt head $3 50 
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RrSKIN, JOHN. AVORKS OF,— Continued. 

Three Lectures (on Books, Women, etc.). 1. Of Kings' Treasuries 
3. Of Queens' Gardens. 3. Of the Mystery of Life $1 50 

SEVEN li.VMPS OF AllCHITECTlTRE. 

With illustrations, drawn by the author. 1 vol. 12mo, cloth $1 75 

STONES OF VENICE. 

3 vols. 13mo, cloth, tinted paper. Box 17 00 

Vol. 1. The Foundations. 

VoL 3. The Sea Stories. 

Vol. 3. The Fall. 

Ditto. 3 vols. 12mo, half calf, tinted paper 13 00 

THE CROWN OF IVILD OLIVES. 

Three Lectures on Work, TraflBc, and War. 1 vol. 12mo, cloth $1 00 

THE E.VGLE'S NEST. 

Ten Lectures on the Relation of Natural Science to Art, given before 
the University of Oxford. 1 vol. 13mo f 1 50 

THE ELEIMENTS OF DR.IIVING. 

In Three Letters to Beginners. With illustration.^, drawn by the author. 
1 vol. 13mo, cloth $1 00 

THE EL.E.1IENTS OF PERSPECTIVE. 

Arranged for the use of Schools. 1 vol. ISmo, cloth $1 00 

THE ETHICS OF THE DUST. 

Ten Lectures to Little Housewives on the Elements of Crystallization. 

1 vol. 12mo, cloth $1 25 

THE POETRY OF ARCHITECTURE. 

Cottage, Villa, etc,, to which is added Suggestions on Works of Art. 
With numerous illustrations. By Kata Phusin. 

1 vol. 13mo, cloth |1 50 

(Kata Phns:n is the supposed Nom de Plume of Jollu Ruskin.) 

THE POLITICAL. ECONOMY OF A KT. 

Being the substance of two Lectures (with additions) delivered at Man- 
chester. 1 vol, 13mo, cloth $1 00 

THE QUEEN OF THE AIR. 

Being a Study of the Greek Myths of Cloud and Storm. 

1 vol. 12mo, cloth |1 00 

THE TRUE AND THE BEAUTIFUL IN NATURE, ART, 

mORALS, AND RELIGION. 

Selected from the Works of John Ruskin, A.M. With a Notice of the 

Author by Mrs. L. C. Tuthill. Portrait. 

1 vol, 12mo, cloth extra, gUt head $3 50 

THE TWO PATHS. 

Being Lectures on Art, and its Application to Decoration and Manufacture. 
With plates and cuts. 1 vol. 18mo, cloth |1 25 

TIME AND TIDE BY WEARE AND TYNE. 

Twenty-five Letters to a Workingman of Sunderland on the Laws of Work. 
1vol. 12mo, cloth $1 00 

" UNTO THIS LAST." 

Four Essays on the First Principles of Political Economy. 

1 vol. 12mo, cloth $1 00 

RUSKIN'S WORKS. 

Uniformly bound in sets. — Plates— 

20 volumes, cloth elegant, new style $40 00 

20 volumes, half calf extra $78 00 

SELECTIONS FEOM AND SELECT VOLUMES OF THE WORKS OP JOHN RUSKIN: 

Ruskiii^K Beauties. 

THE TRUE AND BEAUTIFUL. \ 
PRECIOUS THOUGHTS. V 

CHOICE SELECTIONS. ) 

3 vols, in box, cloth extra, gilt head $6 00 

" halfcalf 10 00 
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RUSKIN, JOHN, WORKS OF.— (70K««ae<J. 

Popular Volumes. 
CKOWN OF IVriiD OlilVES. 

sesame; and lulies. 
(iveen of the air. 
ethics of the bust. j 

4 vols, in box, cloth extra, gilt head $6 00 

The following volumes are valuable as RE A DING BOOKS, and are specially recommended 
for use to HIGH SCHOOLS AND LADIES' SEMINARIES. 

I. THE TRUE AND BEAUTIFUl,. 

Selected from Buskin's Works 13mo, cloth $3 00 

II. ART CU1.TURE. 

Selected from Euskin's Works. 12mo, cloth $2 50 

III. PRECIOUS THOUGHTS. 

Selected from Ruskin's Works. 13mo, cloth $1 50 

IV. CHOICE SELECTIONS. 

Selected from Ruskin's Works. 13mo, cloth $3 00 

*„* Copies of these four volumes will lie sent for examination^ with reference to 
introduction, free, by mail, on receipt of two-thirds of the printed price. 
SMITH R. S. A MANUAI, OF TOPOGRAPHIC At DRAWING. 

By I*rof. E. S. Smith. New edition with additions. 

1 vol. 8vo, cloth, plates $3 00 

. MANUAI, OF I.INEAR PERSPECTIVE. 

Form, Shade, Shadow, and Reflection. By Prof. R. S. Smith. 

1 vol. 8vo, plat js, cloth $3 00 

STORV OF A POCKET BIBIjE. 

Illustrated. 13mo, cloth $1 00 

SVEDEI/IUS G. HAND-BOOK FOR CHARCOAI. BURNERS. 

Translated from the Swedish by Prof. R. B. Anderson, and edited, with 

Notes, by Prof. W. J. L. Nicodemus, C.E. 1 vol. 13mo, plates, cloth. .$1 50 
THORPE T. E. QUANTITATIVE CHEMICAI, ANAIiVSIS. 

By T. B. Thorpe, Prof, of Chemistry, Glasgow. 1 vol. 18mo, pi., cloth $1 75 
Prof. S. W. Johnson says of this work : " I know of no other small book of anything like its 
value.*' 

'■ This very excellent and original work has long been waited for by scientific men." — Scientljic 
Americati. 
TREGEI.I.ES' HEBREW AND CHAI.DEE LEXICON. 

See Gesenius. 
TRO~WBRIDGE W^. P. HEAT AS A SOURCE OF POWER. 

With applications of general principles to the construction of Steam Genera- 
tors, An introduction to the study of Heat Engines. By W. P. Trowbridge, 
Prof. Sheffield Scientific School, Yale College. Profusely illustrated. 
1 vol. 8vo, cloth |3 50 

TABLES, WITH EXPLANATIONS, RELATING TO THE NON- 
CONDENSING STATIONARY STEAM ENGINE, AND OF HIGH- 
PRESSURE STEAM BOILERS. 

1 vol. 4to, plates |3 50 

TUPFER. PROVERBIAL PHILOSOPHV. 

A Book of Thought and Arguments originally treated. 13mo $1 00 

VON DUBEN, GUSTAF. TREATISE ON MICROSCOPICAL DIAG- 
NOSIS. 

With 71 engravings. Translated, with additions, by Prof. Louis Bauer, M.D. 

1 vol. 8vo, cloth fl 00 

WALTON AND COTTON. THE COMPLETE ANGLER; 

Or, The Contemplative Man's Recreation, by Isaac Walton, and Instructions 
how to Angle for a Trout or Grayling in a Clear Stream, by Charles Cotton, 
with copious notes, for the most part original. A Bibliographical preface, 
giving an account of Fishing and Fishing Books, from the earliest antiquity 
to the time of Walton, and a notice of Cotton and his writings, by Rev. Dr. 
Bethune. To which is added an appendix, including the most complete 
catalogue of books on angling ever printed, &c. Also a general index to the 
whole work. 1 vol, 13mo, cloth $3 00 
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'WARREN S. E., C.E. A MAMJAL, OF EliEMENTAKY PROJECTION 
DRAAVIN'O. 

Involving three Dimensions, designed for use in High Schools, Academies, 
Engineering Schools, &c. , and for the self -instruction of Inventors, Artisans, 
&o. In five Divisions — I. Elementary Projections. II. Details of Construc- 
tions in Masonry, Wood, and Metal. III. Rudimentary Exercises in Shades 
and Shadows. IV. Isometrical and Obliqvie or Pictorial Projections. V. 
Elementary Structural Drawing. By S. Edward Warren, late Professor in 
the Rensselaer Polytechnic Institute. Fourth edition, revised and enlarged. 
12mo, cloth, plates |1 50 

A MANUAl, OF DR.4FXINC} IlNS'l'RUOTENXS ANID OPERATIONS. 

In four Divisions — I. Instruments and Materials. II. Fundamental Opera- 
tions. III. Practical Constructions of two Dimensions. IV. Elementary 
.Esthetics of Geometrical Drawing. Designed as a Text-Book, and for 
Self -Instruction. Plates. 12mo, cloth $1 25 

A MANXJAI. OF ELEMENTARY FROBLEmS IN THE LINEAR 

PERSPECTIVE OF FORM AND SHADOW; 

Or, the Representation of Objects as they appear, made from the Representa- 
tion of Objects as they are. In two parts — I. Primitive Methods, with an 
Introduction. It. Derivative Methods, with some Notes on Aerial Perspec- 
tive. Wood engravings. 1 2mo, cloth f 1 00 

AN ELEMENTARY COURSE IN FREE-HAND GEOMETRICAL 

DR.WVINC 
For Schools and for the training of the Bye and Hand destined to Mechanical 
Pursuits and Arts of Geometrical Design, with chapters on Lettering and 

on Geometrical Symbolism. Numerous plates. 12mo, cloth $0 75 

ELEMENTS OF DESCRIPTIVE GEOMETRV, 

Complete in itself for Colleges, and with the subsequent volumes of applica- 
tion, for Technical Schools. Numerous plates. 8vo, cloth $3 50 

ELEMENTS OF MACHINE CONSTRUCTION AND DRAWING; 

Or, Machine- Drawing, with some elements of descriptive and rational 
Cinematics. A Text-book for Schools of Civil and Mechanical Engineering, 
and for the use of Mechanical Establishments, Artisans, and Inventors. 
Containing the principles of Gearing, Screw Propellers, Valve Motions, and 
Governors, and many standard and novel examples, mostly from present 
American practice. In two volumes. 

1 vol. 8vo. text, and 1 vol. small 4to, plates, cloth $7 50 

GENERAL PROBLEMS OF SHADES AND SHADOW^S, 

Formed both by Parallel and by Radial Rays ; and shown both in Common 
and in Isometrical Projections, together with the Theory of Shading. With 

folding plates. 8vo 1*5 00 

HIGHER PIlRSPECTIVE, GENERAL FHOBLEMS IN THE LIN- 
EAR PERSPECTIVE OF FORM, SHADOW^, AND REFLEC- 
TION ; 
Or, the Soenographic Projections of Descriptive Geometry. Plates. 

8vo, cloth |3 50 

PLANE PROBLEMS IN ELEMENTARY GEOMETRY; 

Or Problems in one Elementary Conic Sections — the Point, Straight Line, 
and Circle. In two Divisions— I. Preliminary or Instrumental Problems. 
II. Geometrical Problems. With an Introduction, Plates, and wood-cuts. 

13mo • %l ^5 

STEUEOTOMY-PROBLEMS IN STONE CUTTING. 

In four classes— I. Plane-sided Structures. II. Structures containing De- 
velopable Surfaces. III. Structures containing Warped Surfaces. IV. 
Structures containing Double-Curved Surfaces. For Students of Engineer- 
ing and Architecture. 8vo, cloth $3 50 

A FEW FEOM MANY TESTIMONIALS. 
"It sfcmn to me that vonr Works only need a thorough exnmination to be introduced nud perma- 
nently aSm an me buentiflo and EnginLring Sohool».-'-Prof. J. G. FOX, Collegiate and Engtneer- 

"^ 'ir^Ztn^^ZLZ^'ionr Elementary Worte, and believe 'S;^" %b= 5l«-f„«JP'|?.'° */ ;,"- 
DOseB of instruction than any others with which I am acquainted."-H. F. WALLlNtr, Pi uf. of Uvll 

^.„^»2.. .rml mobleiiw BroBcr to be taught to all students in Institutions o£ Elementary Instruction : 
the Tatter St^m^dtS^vVS^i<<tvLi,lt<, preparing for technical purposes The Elen.entary Books 
OTBht to be u^r\n all High Schools and Academies; the Higher ones in Schools of Technology."- 
WM. W. I'OLWELL, President of UnivereUp »' Mimt^ota. 
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TTAXTS I., RA1VKINK, AND OTHERS. 

Ship- Building, Theoretical and Practical, consisting of the Hydraulics of 
Ship-Building, or Buoyancy, Stability, Speed and Design — The Geometry 
of Ship-BuUding, or Modelling, Drawing, and Laying Off — Strength of Ma- 
terials as applied to Ship-BuUding — Practical Ship -Building — Masts, Sails, 
and Rigging— Marine Steam Engineering — Ship-Building for Purposes of 
War. By Isaac Watts, C.B., W. J. M. Rajikine, C.B., Frederick K. Barnes, 
James Robert Napier, etc. Illustrated with numerous fine engravings and 
woodcuts. Complete in 30 numbers. 

Boards $35 00 

1 vol. foUo. cloth 37 50 

Half russia 40 00 

TTHILEIiER 3. R. AN EliUmENTARY COURSE: OF CIVIE. ENGI- 

NEERIIVG, 

For the use of the Cadets of the United Stales Military Academy. By J. B. 

Wheeler, Prof, of Civil and Military Engineering, West Point, N. T. With 

many fine wood- engravings. 8vo, cloth $3 50 

AN EliEinENTART COURSE OF ITEROTANENT FORXIFICA- 

TION. 
See Mahan. 
\riGHX\riCK GEO. HINTS TO YOITNG ARCHITECTS, 

Calculated to facilitate their practical operations. By George Wightwick, 

Architect. With many wood-cuts. 8vo, cloth $2 00 

See Dovming. 

■WILEY'S AMERICAN IRON TRADE MANUAl. OF THE liEADING 
IRON INDUSTRIES OF THE UNITED STATES. 
With a description of the Blast Furnaces, RoUing Mills, Bessemer Steel 
Works, Crucible Steel Works, Car Wheel and Car Works, Locomotive Works, 
Steam Engine and Machine Works, Iron Bridge Works, Stove Foundries, 
&c., giving their location and capacity of product. With some account 

of Iron Ores. By Thomas Dunlap, of Philadelphia. 1 vol. 4to $7 50 

'WIl.I.IAllIS S. W. THE iniDDLiE KINGDOm. 

A Survey of the Geography, Government, Education, Social Life, Arts, Re- 
ligion, &c. , of the Chinese Empbre and its inhabitants. With a new map of 
the E-Tipire. By S. Wells Williams. Plates and wood- engravings. Fourth 

edition. 2 vols. 12mo $4 00 

TVILIilS. PRINCIPLES OF IWECHANISIW. 

Uesigned for the use of Stuaents in the Universities and for Engineering 
Students generally. By Robert WUlis, M.D., F.R.S., President of the 
British Association for the Advancement of Science, <&o., ifcc. Second 

edition, enlarged. 1 vol. Hvo, cloth $7 50 

*i^* It oiisht to be in every large Machine Workshop Office, in every School of Mechanical Engi- 
neering at lea^c, and in the hands of every Prof lissor uf Msch-mics, &c. — Pruf. S. Edward Warren. 
WILSON X. D. SHIP-RUILDING, THEORETICAL AND PRArXICAI,. 
In Five Divisions. — Division I. Naval Architecture. II. Laying Down and 
Taking off Ships. III. Ship-Building. IV. Masts and Spar Making. V. 
Vocabulary of Terms used — intended as a Text Book and for Practical Use 
in Public and Private Ship-Yards. By Theo. D. Wilson, Assistant Naval 
Constructor, U. S. Navy; Instructor of Naval Construction, U. S. Naval 
Academy ; Member of the Institution of Naval Architects, England. With 

numerous plates, lithographic and wood. 1 vol. 8vo $7 50 

TTOOD, DE VOLSON. A TREATISE ON CIVIL ENGINEEERING. 
See Miihan. 

— ATREITISE ON THE RESISTANCE OF MATERIALS, AND AN 

APPENDIX ON THE PRESERVATION OF TI ilBER 
By De Volson Wood, Prof, in Stevens Institute of Technology. Second 

edition, thoroughly revised. 8vo, cloth |;a ot) 

This work is used as a Text-Book in Iowa University, Iowa Agricultural College, Illinois Industrial 
Uniiersity, Sheffleld Soicntiflo School, New Haven, Cooper Institute, New York, Polytechnic College 
Brooklyn, University of Michigan, and other institutions. ' 

A TREA ITSE ON THE THEORY OF THE CONSTRUCTION OF 

BRIDGES AND ROOFS. 
Designed as a Text-Book and for Practical Use. Illustrated with numerous 
wood engravings. Second edition, revised and corrected, 187(5. 
1 vol. 8vo ; *3 00 

THE ELEMENTS OF ANALYTICAL MECHANICS. 

With numerous examples and illustrations. For use in Scientific Schools 
and Culleges. 8vo, cloth ; $3 gO 



HEW PIJBLIOATIOHS. 
The Elements of Analytical Mechanics. By De Volson Wood, A.M., C.E. 
New York: John Wiley & Sons. 1876. 

The science of mechanics has a twofold importance. Its practical import- 
ance consists in this : that the principles and processes of all mathematical 
physics are derived from it. It is of the greatest utility in the explanation of 
the phenomena of the world external to us, and it is indispensable in a thou- 
sand applications of science to the needs of life. But its importance in a theo- 
retical point of view is perhaps still more striking. The development of every 
physical science has been characterized by certain inevitable and successive 
processes. First of all comes the collection of facts ; then the formation of a 
theory to explain them ; then the establishment and verification of this theory 
by the successful prediction of the future ; and, finally, the reduction of the 
science to its simplest principles and most general form. Through all these 
processes the science of mechanics has passed, and it has finally attained to 
a perfection and completeness to which no other physical science can make 
pretension. It is, therefore, not only the foundation-science to the principle of 
which every special branch of physios conforms ; it is the <^pe-8oienoe : and the 
degree of completeness of any physical science is to be determined by the con- 
formity which it exhibits with the principles of mechanics, and the advance 
which it has made in the process of development which the type-science 
seems to have well-nigh corc^jleted. 

Corresponding to this twofold aspect of the science, we have two methods of 
considering it in its relations to scientific education. First, it may be taught 
merely with reference to its practical uses. It is not to be denied that in certain 
applications of the science, as in engineering, this method is quite sufficient, 
and it is not necessary, for these practical purposes, to consider the theory of 
mechanics in all its generality. Secondly, it may be studied in its most general 
form ; as it is developed, for instance, in the writings of the great master 
Lageange, to whom, perhaps, more than to any other it owes its perfection. 
This method, however, while it is of incalculable value and importance to any 
student who wishes to acquire broad scientific views, is lacking in a practical 
point of view, and in its original form is probably too abstract for most beginners. 
Fortunately a third way is open in the judicious union of the two methods. This, 
then, is the problem which presents itself to the writer on analytical mechanics 
for the purposes of instruction. While he is to take care that the practical 
character of the science shall be clearly brought out, so that the student shall 
not find himself provided with tools which he is unable to use, he is also to see 
to it that the scientific spirit, the perfection and generality of the great type- 
science are kept distinctly in view. There are indications that Professor Wood ha s 
proposed this problem to himself, in the book which we review. We cannot, 
however, compliment him upon his success in its solution. 

The most essential requisites of any treatise on mechanics, whether it is 
practical or theoretical in character, are clearness and accuracy. We will there- 
fore, proceed first to examine the book with reference to these points. On the 
very first page we find the following remarkable definition,- " Matter is that which 
receives and transmits force." In point of fact, we have no reason to believe that 
force is transmitted by matter. Taking the force of gravitation as an example 
we have strong reason for believing that it is not transmitted in time or dissi- 
pated, in space. In a word. Professor Wood defines matter by a property which 
it is not known to possess. The absurdity of the definition can be made still 
more apparent by substituting for the word force its definition given on the 
second page, We then find that moMer is that which receives and transmUs that 
which imds to change Ug state with regard to rest or motion I 

Perhaps it will be well, at the outset, to indicate what is the matter with Pro- 
fessor Wood, a recent article onthe subject of Force, which he has contributed 



